For a system of point charges that interact through the three-dimensional electrostatic Coulomb potential ͑without any regularization͒ and obey the laws of nonrelativistic quantum mechanics with Bose or Fermi statistics, the static correlations between particles are shown to have a 1/r 6 tail, at least at distances that are large with respect to the length of exponential screening. After a review of previous work, a term-by-term diagrammatic proof is given by using the formalism of paper I, where the quantum particle-particle correlations are expressed in terms of classical-loop distribution functions. The integrable graphs of the resummed Mayerlike diagrammatics for the loop distributions contain bonds between loops that decay either exponentially or algebraically, with a 1/r 3 leading term analogous to a dipole-dipole interaction. This reflects the fact that the charge-charge or multipole-charge interactions between clusters of particles surrounded by their polarization clouds are exponentially screened, as at a classical level, whereas the multipole-multipole interactions are only partially screened. The correlation between loops decays as 1/r 3 , but the spherical symmetry of the quantum fluctuations makes this power law fall to 1/r 5 , and the harmonicity of the Coulomb potential eventually enforces the correlations between quantum particles to decay only as 1/r 6 . The coefficient of the 1/r 6 tail at low density is planned to be given in a subsequent paper. Moreover, because of Coulomb screening, the induced charge density, which describes the response to an external infinitesimal charge, is shown to fall off as 1/r 8 , while the charge-charge correlation in the medium decreases as 1/r 10 . However, in spite of the departure of the quantum microscopic correlations from the classical exponential clustering, the total induced charge is still essentially determined by the exponentially screened charge-charge interactions, as in classical macroscopic electrostatics. ͓S1063-651X͑96͒05205-1͔
I. INTRODUCTION
The present paper is the second part of a series about the equilibrium static correlations in matter under usual conditions, i.e., when electrons and nuclei can be seen as nonrelativistic quantum point charges. The first point of the paper is to show that the particle-particle correlation in a multicomponent plasma does have a 1/r 6 tail, when the quantum statistics is taken into account and the interaction is the pure Coulomb potential ͑without any regularization͒. These two aspects of real matter were approximated in previous works about the decay of correlations in multicomponent plasmas ͓1-5͔. Another aim of the paper is to display clearly how the harmonicity of the Coulomb potential and the spherical symmetry of the quantum-fluctuation distribution for one particle enforce this power law. As explained in Sec. VI of paper I, the standard perturbation many-body theory is not very helpful in this respect and we use the loop formalism devised in paper I. Moreover, this formalism also allows one to obtain the following results: the charge-charge correlation decays only as 1/r 10 , while the induced charge density and the corresponding total potential, which measure the linear response to a localized infinitesimal external charge, fall off as 1/r 8 and 1/r 6 , respectively. The reason is that screening mechanisms that are similar to the usual effects in classical macroscopic electrostatics do survive in the plasma at a quantum microscopic level. We notice that, for each announced algebraic tail, we are not able to control the convergence of the whole diagrammatic series, each diagram of which decays algebraically with the exponent mentioned above. However, the calculation of the coefficient of the 1/r 6 tail at low density ͓6͔ strongly suggests that no more cancellation occurs. In the present introduction, the connection between screening and the decay of the correlations is reviewed ͑Sec. I A͒ and the insight given by the loop formalism is pointed out ͑Sec. I B͒.
A. Historical review about screening and correlations
As recalled in paper I, the harmonicity of the Coulomb potential is responsible for a very special screening that arises in both dielectric and conductive phases of Coulomb plasmas at a classical as well as at a quantum level. The Coulomb screening enforces the local neutrality relation between the densities of charges and, at a more microscopic level, ensures that the net charge of a point charge in the medium together with its polarization cloud is zero. Subsequently, this net charge creates an effective potential that decays at large distances faster than the 1/r Coulomb potential. This latter property is linked to the fact that the total induced charge in the presence of an external static charge is finite, as stressed in Sec. IV D of paper I. The charge neutrality of a particle and its polarization cloud also exists if the potential decays more slowly ͓7͔ or faster ͓8͔ than the Cou-*Present address: Laboratoire de Physique, Laboratoire associé au lomb interaction, but the harmonicity of the Coulomb potential generates further screening effects. Some properties of the particle-particle correlation can be investigated by considering the perturbation in the charge distributions that is induced by an external infinitesimal charge distribution ͑this fixed charge is assumed to be classical͒. The latter perturbations are related exactly to some charge distribution functions through the linear response theory, but the relation is different in the classical and quantum regimes. For instance, in a conductive phase, the total induced charge around an infinitesimal charge distribution ␦q͑r͒ is exactly opposite the total charge ͐dr ␦q͑r͒ ͓see Eq.
͑1.3͒ of paper I͔ and, as recalled in Sec. IV D of paper I, this property implies a sum rule for the second moment of the charge-charge correlation function in the classical case and for the second moment of the zero-frequency component of the time-ordered charge-charge correlation in the quantum case. More generally, information about the decay of the truncated distribution functions can be inferred from the variation in the n-body distribution functions between particles of the medium when an infinitesimal external charge is immersed in the plasma. At a classical level, if the variation decreases exponentially fast far away from the external charge, then the classical charge distributions for the particles of the medium satisfy the so-called multipole sum rules. The multipole sum rules describe a ''perfect'' screening in which the polarization clouds compensate not only the total charge but even all the multipoles of any given configuration of charges. In quantum statistics ͓9͔, this perfect screening would be realized if the distribution functions for the particles of the medium decreased faster than any inverse power law, as is the case in classical statistics ͓7,10͔ when the correlations in the plasma have a fast clustering. We notice that, for any other integrable power-law potential ͓11͔, the falloff of the classical correlations is bounded below by an inverse power and such a perfect screening cannot exist.
The first descriptions of screening in plasmas dealt with the simplest quantities: the charge density that is induced in the plasma when an infinitesimal distribution of charge ␦q͑r͒ is immersed into it and the total potential V tot in the bulk in the presence of the external charge. These two quantities are related by the Poisson equation ͑6.7͒ ͑see paper I͒. Selfconsistent models were solved for classical electrolytes ͓12-14͔ ͑Debye-Hückel theory͒ and for the fermionic onecomponent plasma ͑OCP͒ in the semiclassical regime at high density ͓15,16͔ ͑Thomas-Fermi theory͒ as well as in the quantum case ͓17,18͔, with the many versions of the socalled random-phase approximation ͑RPA͒. ͑For a brief historical review about the RPA theory, see Ref. ͓17͔.͒ In the classical and semiclassical regimes, the self-consistent models are mean-field approachs in which the correlations between particles are approximated in an indirect way: the classical particles or the quantum quasiparticles do not interact together, but they move in a mean-field potential. The approximation is reasonable for classical plasmas in a weak coupling regime ͑low density or high temperature͒ and for fermionic quantum plasmas in a semiclassical regime when the density is sufficiently high so that the interaction energy becomes negligible with respect to the fermionic quantum kinetic energy. Indeed, in this regime and under the semiclassical assumption that the total potential is appreciable only in a finite region and varies slowly over scales larger than the mean interparticle distance, the system can be described by quasiparticles with a chemical potential and the induced charge density has the same exponential falloff. In the quantum case, a more detailed description of the correlations must be used. In the various versions of the self-consistent RPA model, ͚ ␣ e ␣ RPA,␣ ind ͑r͒ and V RPA tot ͑r͒ decay faster than any inverse power law and the leading terms in their asymptotic behaviors are similar to the mean-field Yukawa potential ͑1.2͒. Since ͚ ␣ e ␣ ␣ ind ͑r͒ and V tot ͑r͒ are related indirectly to the particle-particle correlation by the linear response theory, this result proves to be linked to a fast decay of the corresponding approximated correlation between particles ͓4,5͔. We notice that, in this microscopic model, an oscillatory algebraic term, known as the Friedel oscillations ͓19͔, occurs at zero temperature because of the discontinuity of the Fermi distribution for independent entities in the ground state. This phenomenon has been observed as a broadening of nucleon magnetic resonance lines in dilute alloys ͑see Ref. ͓18͔ and references cited therein͒. However, at finite temperature, the Fermi surface is smeared over a thickness k B T in energy ͑where k B is the Boltzmann constant͒ and the oscillations are multiplied by an exponentially decaying factor.
Though the picture of Debye screening for the particleparticle correlation is usually taken for granted, very few rigorous results are known about it. For a classical multicomponent plasma ͑with short-ranged regularization of the Coulomb potential in order to avoid collapse͒, in the limit of weak coupling ͑low-density or high-temperature regime͒, the existence of exponential clustering of the correlation functions was proved first for a lattice Coulomb gas ͑with the discretized version of 1/r͒ by Brydges ͓20͔ and for the continuous system by Brydges and Federbush ͓21͔. Next the proof was extended to the OCP by Imbrie ͓22͔. However, in the quantum case, strong doubts about an exponential falloff were raised by Brydges and Federbush ͓1͔ and then by Brydges and Seiler ͓2͔. In the latter reference, the authors cast the nonrelativistic quantum Coulomb system into the form of some kind of lattice gauge model and found that an infinite correlation length appears in some Green's functions associated with external charges depending on an imaginary time. They conjectured that the electric field of a static external source should not be screened exponentially; rather it should have a long-ranged tail decaying as an inverse power of the distance. Indeed, in nearly classical regimes, the exponential decay would be very close to the truth for all but extremely large distances. In the language of field theory, the interpretation is that vacuum polarization produces dipoles ͓23͔ and dipoles do not screen ͓24͔. In other words, though a charge of the medium and its cloud carry no mean charge and no mean dipole as a whole, nevertheless, it has a nonvanishing instantaneous dipole because of fluctuations and in the quantum case the interactions between dipolar fluctuations are not screened as efficiently as in the classical regime. Henceforth, the correlation between two particles of the system has an algebraic tail that may fall off a priori only as a 1/r 3 dipole-dipole interaction energy. In fact, smaller upper bounds on the decay of the correlations were obtained by Alastuey and Martin ͓3,4͔ in a regime of high temperature and low density. In this regime, the correlations are assumed to decrease monotonically with an integer inverse power-law expansion starting with 1/r 3 and the hierarchy of equilibrium equations for imaginary-time observables ͑or ''evolution equations''͒ is supposed to be valid in the thermodynamic limit. Under those assumptions, the particle-particle correlation decreases at least as 1/r 5 in a multicomponent plasma ͑and faster than 1/r 6 in the very special case of the OCP, in which charge and particle observables are proportional to each other͒. In contrast, the corresponding investigation of the equilibrium equations in the classical case enables exclusion of any monotonic inverse power law ͓11͔.
The next steps in questioning the nature of the asymptotic behavior of the quantum correlations were done by perturbative approachs. First, in the approximation of MaxwellBoltzmann statistics for a modified Coulomb potential, algebraic lower bounds were obtained from an ប expansion developed by Alastuey and Martin ͓4͔ in a path integral formalism. The approximation of distinguishable particles ͑clas-sical Maxwell-Boltzmann statistics͒ is valid only in a regime of high temperature and low density and requires a regularization of the potential at short distances in order to prevent the macroscopic collapse of the plasma ͑except in the case of the OCP, where there is only one species of point charges͒. In this semiclassical regime, the exchange effects appear as corrections that vanish exponentially when ប goes to zero ͓25͔. In the ប expansion of the correlations about their classical values, the correction of order ប 2 has a fast decay, but each term of order ប 2n , with nу2, decays algebraically as 1/r 6 . In particular, the particle-particle correlation should not decay faster than 1/r 6 , while the several point correlations should have even the slower decay 1/r 3 , when groups of particles are separated. These bounds are compatible with the upper ones that are deduced from the above nonperturbative approach of the equations of motion for a system with quantum statistics ͓4͔. Moreover, they do not violate the basic sum rules recalled in Eqs. ͑1.1͒-͑1.3͒ of paper I ͓26͔. We notice that a formally similar analysis can be carried out for the classical time-displaced particle-particle correlation at equilibrium; a short-time expansion about the static correlations together with an investigation of the Bogoliubov-BornGreen-Kirkwood-Yvon hierarchy also leads to an algebraic decay of the classical time-displaced correlations ͓3͔. The reason is that collisions tend to destroy the ''perfect'' organization of the clouds, while inertia prevents classical particles to follow instantaneously the moving charge. In a quantum regime, the above lower algebraic bounds show that the intrinsic quantum fluctuations destroy even the static perfect organization of the polarization cloud around a charge of the medium. The quantum nature of the subsequent ''dipoledipole-like'' interaction between two point charges is quite different from the van der Waals interaction that arises between objects with an internal structure, such as atoms or molecules, and that comes from the polarizability of quantum bound states. Indeed, the algebraic falloff appears in the OCP, where no bound states can be formed, while the largedistance correlation between two quantum point charges embedded in a classical plasma proves to be exactly a 1/r 6 decay ͓4͔.
At this point a natural question to ask was the following: how can one go beyond the RPA and find algebraic tails in the standard many-body perturbation theory at finite temperature? In this formalism, the Fermi statistics is taken into account, so the results are valid even at low temperatures and the potential dealt with as a perturbation is the true Coulomb potential. The particle-particle correlation is derived from the sum of all chains built with ''proper polarization'' graphs linked by Coulomb interaction lines; the Fourier transform of the total potential V tot in the presence of an infinitesimal external charge distribution is proportional to the zerofrequency component of the ''effective'' potential of the formalism, which is defined as the sum of all chains of bare Coulomb interaction lines linked by proper polarization graphs. As detailed in Sec. V, the RPA theory consists in approximating the proper polarization by its value for noninteracting particles, namely, a loop of fermionic free propagators. The next natural correction to the RPA value for the proper polarization is the graph where two loops of fermionic free propagators are linked by two RPA effective potential lines. It happens that two exact sum rules ͓27,17͔ can be deduced for the OCP because in this model the charge density is proportional to the particle density. These rules allow one to show ͓5͔ that, when the above correction to the RPA proper polarization is taken into account, V tot decays as 1/r 6 , the induced charge density as 1/r 8 , and the densitydensity correlation as 1/r 10 , whereas the corresponding RPA quantities decrease faster than any inverse power of the distance. ͑All the ladder graphs with more than two interaction lines in the proper polarization lead to faster algebraic decays.͒ We notice that, even at zero temperature, diagrams analogous to those exhibited in Ref. ͓5͔ are expected to generate a 1/r 6 tail in some density-density response function of the homogenous electron gas ͓28,29͔. Moreover, they seem to play a crucial role in the existence of fine-scale peaks in the frequency dependence of the dynamic structure factor for large fixed momentum transfers at metallic densities ͓30͔. As a conclusion, the investigation of the standard many-body theory shows that the exchange effects, which are rather important in short-ranged phenomena, prove not to change drastically the results obtained previously ͓4͔ for the OCP in the semiclassical Maxwell-Boltzmann regime at the order ប 4 . However, these results rely on the assumption that the tails induced by some particular diagrams are not canceled by those coming from other proper polarization graphs in the perturbation series. The validity of this assumption is not obvious because the study of the large-distance behavior of the particle-particle correlation is cumbersome in the stan-dard perturbation framework. In the latter, the basic objects are the frequency components of the proper polarization and the small-k behavior of the diagrams can be investigated only for isolated and very simple diagrams. Moreover, in the absence of general sum rules, as it is the case for multicomponent plasmas, no conclusion about the particle-particle correlation can be drawn from the investigation of the largedistance behavior of the proper polarization graphs. At this point the formalism of paper I proves to be more efficient.
B. New results
According to paper I, the virial expansions in the loop formalism give the following picture, after resummation of the collective effects due to the interactions between the total charges of the loops. Before averaging over the shapes of the loops, the charge-charge and charge-multipole interactions between loops are exponentially screened, while the multipole-multipole interactions are only partially screened because of the difference between the bare loop potential and the classical electrostatic potential between charged loops. Subsequently, an algebraically decaying resummed bond F R appears. According to paper I, the contribution to the particle-particle correlation arising directly from the exchange between particles decays faster than any inverse power law ͑except in a phase similar to a Bose condensation, where it tends to a finite constant value plus fast-decaying corrections͒.
In the present paper, we show that the part of the particleparticle correlation given by configurations in which the particles at r a and r b belong to different exchange loops has an algebraic falloff induced by the algebraic F R bond, the asymptotic behavior of which can be written as a series of 1/r ␥ algebraic tails, with ␥у3. Each tail of the Mayer bond F R involves the shapes of both its arguments because the residual interactions after resummation of the interactions between the total charges of the loops are essentially multipolemultipole-like. Subsequently, since the interaction bonds between the loops as well as the measure associated with the shapes of the loops are invariant under global rotation of their arguments, a mere dimensional analysis shows that the part of the particle-particle correlation where the two particles are not exchanged within the same cycle decays at least as 1/r 5 , though the loop correlation decays only as 1/r 3 . This 1/r 5 behavior comes from the 1/r 3 and 1/r 4 terms in the algebraic resummed bond and may appear for the diagrams that can be written as convolution chains involving at least one algebraic bond. The harmonicity of the Coulomb potential enforces in fact a slower 1/r 8 decay for the latter convolution chains. Eventually, the leading asymptotic behavior of the particle-particle correlation originates from a product of two functions, both of which involve at least one dipoledipole-like interaction, and decays as 1/r 6 . We notice that the mechanism is not as simple as in the case of a classical system of point particles with fundamental 1/r 3 dipole-dipole interactions, in which the asymptotic behavior of the particle-particle correlation is determined by the fluctuations of interactions and decays as ͑1/r 3 ͒ 2 because of rotational invariance. Besides, in the multicomponent plasma, the subleading tails of the quantum particle-particle correlation are 1/r 8 , 1/r 9 , and 1/r ␥ , with ␥у10.
We stress that the reason why the 1/r 5 falloff allowed by the dimensional analysis proves not to appear lies in the harmonicity of the Coulomb potential. Indeed, the rotational invariance of interactions and quantum fluctuations of one particle is such that some terms with at least two derivatives of the Coulomb potential, which are a priori long ranged, prove to be short ranged because they involve ⌬͑1/r͒ϭ Ϫ4␦͑r͒ once the integration over the shapes of the loops has been performed. In the case of a diagram made of one algebraic F R bond, the shape of each root point is integrated over with a weight equal to the fast-decaying loop density; then, the 1/r 3 and 1/r 4 tails are canceled by rotational invariance, while the square of the Laplacian of 1/r is generated from the 1/r 5 tail and the corresponding contribution decays faster than any inverse power law, as in the following example. If G͉͑X͉͒ is invariant under rotations of X and is a fast-decaying function of the extent of the loop,
is short ranged. ͑The space index of the vector components runs from 1 to 3 and ‫ץ‬ denotes a partial derivative with respect to the component ͓r͔ of r.͒ Eventually, the diagram considered decays as some kind of squared 1/r 3 tail. The mechanism for a convolution involving algebraic bonds and algebraically decaying subdiagrams is a little more complicated than for a diagram with a single bond because the property exemplified in ͑1.3͒ involves only the leading tail of the convolution and the latter still has an algebraic decay determined by the terms that would have been only subleading without this special property. The basic mechanism is exemplified in the following equation, where a function, which decays as 1/r 4 according to rotational invariance arguments and dimensional analysis, proves to have a faster decay because of the appearance of the Laplacian of 1/r. If G͑r,X͒ is invariant under global rotations of ͑r,X͒ and falls off at least as 1/r 6 when r goes to infinity,
͑1.4͒
͓O(1/r 6 ) denotes a term that decays at least as 1/r 6 .͔ As detailed in Sec. I C, the possible 1/r 5 asymptotic behavior of the particle-particle correlation allowed by dimensional analysis arises in convolution chains that involve 1/r 3 of 1/r 4 tails as first and last algebraic terms and 1/r 3 intermediate tails ͑together with functions decaying at least as 1/r 6 at both ends and in the middle of the convolution.͒ In Fourier space, the singularities coming from the 1/r 3 and 1/r 4 tails of I resummed algebraic bonds in these convolutions are
͑1.5͒
Since the derivatives of the Coulomb potential are contracted with one or two space components of both loop shapes X i and X j in the 1/r 3 and 1/r 4 tails of the algebraic resummed bond F R ͑P i ,P j ͒, rotational invariance arguments show that, after integration over the shapes of the loops, the singularities ͑1.5͒ are contracted with the product of the tensor k I ⌸ iϭ1 IϪ1 ␦ i , iϩ1 and the tensors k 1 and ␦ 1,1 , 1,2 , respectively, with a coefficient independent from k. Subsequently, the singularities ͑1.5͒ lead to analytic contributions because v C ͑k͒ϰ1/k 2 . ͓The corresponding tails in position space involve derivatives of the Laplacian ⌬͑1/r͒, which is short ranged.͔ Thus the algebraic decay of one of the above convolution chains is due to subleading tails and the convolution decreases faster than the inverse power that is associated by dimensional analysis with the derivatives of 1/r involved in its dominant large-distance behavior.
We point out that, in various formalisms, it can be understood in terms of the chain potentials, which describe the screening of the monopole-monopole interaction ͑see paper I͒, how the 1/r 3 dipole-dipole-like interaction between charges surrounded by their polarization clouds eventually lead not to a 1/r 5 tail of the particle-particle correlation, as the sole rotational invariance would imply, but to a 1/r 6 tail enforced by the harmonicity of the Coulomb potential. In particular, in the approximation where only the graph with one chain-potential bond is retained, the corresponding approximated induced charge density and particle-particle correlation both decrease faster than any inverse power law of the distance because the rotational invariance makes the short-ranged Laplacian of the Coulomb potential appear. More generally, in the exact correlation function, the rotational invariance of the quantum fluctuations of the polarization cloud around a quantum charge and the harmonicity of the Coulomb potential cancel the long-ranged part of the chain interaction and only products of two convolutions, each of which involves the algebraic part of the chain potential, remain in the dominant asymptotic behavior of the particle-particle correlation. This is the general mechanism that leads to the 1/r 6 power law of the particle-particlecorrelation decay.
Moreover, the loop formalism allows one to discuss the large-distance behavior of the charge-charge correlation and induced charge density. Since the nonexchange part of the particle-particle correlation ␣␣ Ј (2)TQ (r) decays as 1/r 6 , a mere dimensional analysis of the linear response relation in the loop formalism ͓see ͑4.27͒ of paper I͔ shows that the induced charge density ͚ ␣ e ␣ ␣ ind ͑r͒ in the presence of a localized infinitesimal external charge decays at least as 1/r 4 and, according to the Poisson equation ͓see ͑6.7͒ of paper I͔, the corresponding total potential falls off at least as 1/r 2 . However, in a multicomponent plasma, the charge density ͚ ␣ e ␣ ␣ ind ͑r͒ is expected to decay faster than the correlation between quantum particles ͓4͔. Though there is no exact sum rule for the nonzero moments of ͚ ␣ e ␣ ␣ ind ͑r͒ in multicomponent plasmas, the present loop formalism allows one to show that ͚ ␣ e ␣ ␣ ind ͑r͒ rather decays as 1/r 8 ͑and the corresponding total potential as 1/r 6 ͒, while the quantum charge-charge structure factor C Q ͑r͒ decays as 1/r 10 . On one hand, the difference between the latter two exponents is mainly a consequence of the response relation ͑4.32͒ of paper I. Roughly speaking, the change from a ͉k͉ 7 singularity in the Fourier transform of C Q ͑k͒ to a ͉k͉ 5 singularity in ͚ ␣ e ␣ ␣ ind ͑k͒ originates from the fact that ͚ ␣ e ␣ ␣ ind ͑k͒ involves a quantity very similar to C Q ͑k͒ divided by k 2 . On the other hand, the fall from a 1/r 6 decay for the particle-particle correlation ␣␣ Ј (2)TQ (r) to a 1/r 10 large-distance behavior for the chargecharge correlation ͚ ␣ e ␣ ͚ ␣ Ј e ␣ Ј ␣␣ Ј (2)TQ (r) is determined by two mechanisms. The first one is very similar to the mechanism that ensures that, in the classical regime, the exact charge density of the system made of a particle and its polarization cloud, as well as its Debye expression, both have Fourier transforms that behave as ͉k͉ 2 when ͉k͉ goes to zero. In other words, in both cases, the total induced charge around an infinitesimal external charge distribution is exactly opposite it. ͓The Debye model amounts to approximating the classical Ursell function (k) .͔ This macroscopic classical Debye screening still operates in the quantum system, where it is described by the resummed charge-charge bond F cc . The second mechanism is that the large-distance ''diffraction-like'' quantum effects described by the resummed multipole-charge bonds F mc and F cm also partially screen the quantum algebraic tail. Moreover, the total induced charge is completely determined by the diagram with only one charge-charge resummed bond F cc : the screening of macroscopic electrostatics is not changed by the departure of the quantum microscopic correlations from the classical exponential clustering.
C. Contents
The discussion of the exponent of the algebraic decay of the part of the quantum particle-particle correlation coming from the loop correlation is organized as follows. The algebraic tail of the F R bond is equal to exp(W)Ϫ1, where W is a series of algebraic terms W ␥ ͑␥у3, where ␥ is an integer͒, each of which decays as 1/r ␥ . In Sec. II A we stress the particularity of the discussion that comes from the nonintegrability of the algebraic resummed bond F R and the basic peculiar mechanism due to the harmonicity of the Coulomb potential is exemplified on the simplest diagram. In Sec. II B the diagrammatics are reorganized in order to display a contribution H and convolution chains C made of bonds W joined directly together or linked by graphs H. In Sec. II C we give the principles of the technical discussion in Fourier space that allow one to determine the exponent of an algebraic decay in position space.
The graph H decays as 1/r ab 6 ͑Sec. III A͒ and a possible slower decay of the particle-particle correlation can arise only from the convolutions involving H and bonds W. However, the latter convolution chains C prove to decrease faster than 1/r 6 . Indeed, we show in Sec. III B that, after integration over the shapes of the loops, rotational invariance arguments determine the order of the first two terms in the small-k expansion of a chain C and, because of the harmonicity of the Coulomb potential, the first term proves to be analytic. This mere dimensional analysis shows that 1/r 7 is an upper bound for the algebraic large-distance behavior of a convolution C. The translation of the discussion in position space ͑see Appendix A͒ is that, after averaging over the shapes of the loops, rotational invariance arguments and dimensional analysis enforce a falloff faster than 1/r 6 for all chains C, except those with a bond W 3 or W 4 at both ends and only W 3 intermediate bonds, which may decrease a priori only as 1/r 5 . However, by virtue of the specific forms of W 3 and W 4 in terms of the derivatives of the Coulomb potential, they decay at least as 1/r 7 because ⌬͑1/r͒ϭϪ4␦͑r͒. The general diagrammatic structure of the 1/r 6 tail of the particle-particle correlation is given in Sec. III C. In Sec. III D ͑and Appendix B͒, we give the general tensorial structure of the algebraic tails of a diagram in H before integration over the shapes of its end points. The allowed exponents of the various tails of H and of the convolutions C are discussed in Secs. III E and III F ͑and Appendix C͒. H generates 1/r 6 ,1/r 8 ,1/r 9 ,... tails, while the convolutions C only contribute to 1/r 8 ,1/r 10 ,1/r 11 ,... tails. Eventually, the algebraic tails of the particle-particle correlation are 1/r 6 , 1/r 8 , 1/r ␥ with ␥ any ͑even or odd͒ integer greater than or equal to 9 ͑and there are no logarithmic corrections͒.
In Sec. IV A we show that, at a classical level, the fact that the exact total induced charge around an infinitesimal external charge ␦q͑r͒ is equal to Ϫ␦q͑r͒ can be linked to the fact that its Debye approximation also satisfies this property. The link lies in a suitable reorganization of the classical resummed diagrammatics, which exhibits the ''dressing'' of the particle-particle correlation by the Debye polarization cloud around a charge of the medium. ͑This structure imposes a constraint on the construction of coherent approximations in the diagrammatic framework.͒ In Sec. IV B we point out the basic mechanisms that operate in the loop system. In Sec. IV C we introduce integral relations for the loop Ursell functions, which exhibit the dressing by some kind of ''Debye'' loop polarization cloud. These relations are used to reorganize the diagrams of the loop Ursell function ͑Sec. IV D͒ and a discussion similar to that performed for the particle-particle correlation shows that the charge-charge correlation decays at least as 1/r 10 ͑see also Appendixes C and D͒. A slightly different reorganization ͑Sec. IV E͒ allows one to show that the induced charge density falls off as 1/r 8 . In Sec. IV F we give a diagrammatic expression for the second moment of the charge-charge correlation ͑which involves the diagram with only one F cc bond together with other diagrams͒. However, the F cc bond proves to contribute by itself to the total induced charge and we mention the corresponding constraints that are required to build approximations ͑in the loop formalism͒ that satisfy the screening sum rule ͑1.3͒ of paper I.
As a conclusion ͑Sec. V͒, we compare the screening mechanisms in various models. In Sec. V A, we investigate the fast decay of the quantum particle-particle correlation and induced charge density in the chain approximations and particularly in the version of the RPA model written in the standard perturbation many-body theory. The various screening lengths defined from the large-distance behavior of the induced charge density are compared in Sec. V B. In order to see how the algebraic tail of the chain potential eventually pollutes the correlations in various formalisms, one has to take into account diagrams with at least two chain potentials ͑Sec. V C͒. Eventually, we recall a very simple model that exhibits the basic mechanisms involved in papers I and II.
II. ALGEBRAIC DECAY IN THE LOOP FORMALISM

A. Basic mechanisms
As shown in paper I, the resummed Mayer diagrams for the loop-density expansion of the loop correlation involve both exponentially decaying bonds F cc , F cm , and F mc and an algebraic bond F R . The asymptotic behavior of the F R bond is given by the expansion of exp(W)Ϫ1 and its leading term behaves as 1/r 3 , which is the borderline of integrability. Henceforth, the asymptotic behavior of the loop correlation (2)T ͑L,LЈ͒ is not given by the result for a classical fluid of noncharged particles interacting by a potential ⌽ with an integrable power-law decay ͓31͔. In the case of such a onecomponent fluid, the correlation behaves as
where f as ϭϪ␤⌽ is the asymptotic behavior of the Mayer bond f ϭexp͑Ϫ␤⌽͒Ϫ1. The classical structure factor S cl (r i ,r j )ϵ␦(r i )ϩ (2)T cl (r i ,r j ), which is equal to the classical density-density response function, obeys the Ornstein-Zernicke relations ͑2.10͒ and ͑2.11͒ of paper I, which are valid for either quantum or classical quantities. However, since the resummed diagrams of the loop-density expansion are integrable, the loop correlation is expected to decay as 1/r 3 , while the power law of the asymptotic behavior of the quantum correlation may be greater because of the integration over the internal degrees of freedom of the loops. The first algebraic term in the ប expansion of the largedistance quantum correlation in a OCP is given by a formula that is analogous to ͑2.1͒ ͓5͔, but involves the square of some kind of effective potential instead of the bare potential. Moreover, in the special latter case, according to ͑1.2͒ of paper I, ͐dr S cl ͑r͒ϭ0 and the above term involves in fact derivatives of the squared effective potential, so that the correlation eventually proves to have a 1/r 10 falloff. As an introduction to the following discussion, we study the asymptotic behavior of the ⌸ diagram with only one F R bond. The algebraic tail of F R can be written as the sum of W and exp(W)Ϫ1ϪW. It can be readily shown that, after integration with the weight
, W gives short-ranged contributions to the asymptotic behavior of the diagram and the dominant large-distance decay of the latter is in fact given by the 1/r 6 leading term in the algebraic tail 1 2 (W) 2 . Indeed, according to paper I, ␣,p ͑X͒ is a fast-decaying function of ͉X͉, every moment of ␣,p ͑X͒ is finite, and Eqs. ͑5.33͒-͑5.35͒ of paper I allow to write the Fourier transform of the contribution from W to the particle-particle correlation as a series ͑over p a , p b , m, and n; mу1, nу1͒, in which each term is proportional to
Let X be the component of X with space index ͑ ϭ1,...,3͒. Because of the rotational invariance of
function independent from the orientation of k. Since mЈу1, the singularity 1/k 2 is canceled and the term ͑2.2͒ is in fact analytic. In position space, this means that powers of the Laplacian of 1/r appear in the asymptotic behavior of 
͑2.3͒
B. Topological reorganization of the diagrams
Our aim is to analyze the influence of the nonintegrable algebraic decay F R on the large-distance behavior of the diagrams after integration over the shapes of the loops and to show that the large-distance contributions that involve only one W or only one convolution involving at least one W decay faster than 1/r 6 . For this purpose, we split F R into
The 
͑2.5͒
For instance, the ⌸ diagram with only one bond F R leads to two ⌸ diagrams, as shown in Fig. 1 . The ⌸ diagrams are integrable at large distances, as the ⌸ diagrams ͑see paper I͒. They may be not integrable at short distances because of products of the F bond. However, this does not matter because this nonintegrability does not interplay with the largedistance behavior of the diagrams and, further, this is an artifact that disappears when the ⌸ diagrams are collected together properly, as in the case of ⌸ diagrams ͓32,33͔.
The next step of the general discussion is to exhibit the subclass of the so-called loop, with the associated measure ͐dϭ ͚ ␣ϭ1 n s ͚ pϭ1 ϱ ͐D(X).
In Fourier space, the relation reads
͑2.6͒
For brevity, we have introduced
The representation of ͑2.6͒ in terms of the graph H and a sum of chains made with graphs K linked by I, W bonds is shown in Fig. 2 .
C. Characterization of an algebraic tail
The analysis of the algebraic decay of the graphs is performed according to the following principles. First, only a finite number of the moments of a function with an algebraic asymptotic decay are well defined and the dominant term in the asymptotic behavior of a function g͑r͒ decreases as 1/r ␥ or ͑ln r͒ n /r ␥ , with ␥ and n nonzero positive integers, if and only if its Fourier transform g͑k͒ϵ͐dr exp͑ik•r͒g͑r͒ has a small-k expansion that becomes nonanalytic with respect to the components of the vector k at the order ͉k͉
␥Ϫ3
. The first nonanalytic term S (␥Ϫ3,n) ͑k͒ corresponds to the divergent moment of g͑r͒ with the lowest order and is given by the theory of distributions ͓34͔. For instance, first nonanalytic terms such as k k /k 2 and ln͉k͉ correspond to 1/r 3 decays, a dominant term ͑ln͉k͉͒ 2 signals a ͑ln r͒/r 3 falloff, while first nonanalytic terms such as ͉k͉ and ͉k͉ 2 ln͉k͉ originate from 1/r 4 and 1/r 5 decays, respectively. Second, the large-distance behavior of the convolution of several functions with algebraic decays is more conveniently studied in Fourier representation than in position space. The reason is that a convolution of various functions g͑r͒ is changed into a product in Fourier space and, according to the previous argument, its dominant large-distance behavior is merely deduced from the first nonanalytic term in the expansion of the product of the small-k behaviors of the Fourier transforms g͑k͒. These principles are further detailed in the present section.
In the generic case, according to the theory of distributions, in a position space of dimension 3, if a function, which is regular at short distances, decays algebraically at large distances with a leading term g as ͑r͒ϭA͑ln r͒ n /r ␥ , with nу0, the small-k expansion of its Fourier transform contains a leading singular term S (␥Ϫ3,n) ͑k͒ of order ͉k͉
␥Ϫ3 is even and ͉k͉ ␥Ϫ3 ͑ln͉k͉͒ n if ␥Ϫ3 is odd. ͓As discussed below, if g as ͑r͒ is a partial derivative of 1/r, S (␥Ϫ3,nϭ0) ͑k͒ is a nonanalytic term of order ͉k͉ ␥Ϫ3 without any logarithm, even if ␥Ϫ3 is even.͔ The singular terms of greater order than S (␥Ϫ3,n) ͑k͒ are nonanalytic terms S (␥Ϫ3,nЈ) ͑k͒ with nЈϽn and singular terms of higher order in ͉k͉ that all depend on the subleading terms in the large-distance behavior of g͑r͒Ϫg as ͑r͒. More precisely, the dominant behavior g as (r)ϭA͑ln r͒ n /r ␥ is a purely algebraic function and, in a position space of dimension 3, this function is not integrable at the origin if ␥у3. Thus we have to consider the corresponding distribution g alg,reg that is regularized at short distances and the Fourier transform of the latter reads
if ␥Ϫ3ϭ2mϩ1. In these cases, S (␥Ϫ3,n) ͑k͒ is equal to the greatest term in ͑2.8͒ and ͑2.9͒. The coefficients ␣ reg (nЈ) and ␣ reg (nЈ) depend on the regularization at short distances, whereas c 3,2m,n and c 3,2mϩ1,n depend only on the dimension of space ͑here 3͒ and on the powers ␥ and n. For instance, the Fourier transform of ͑1/r 3 ͒ reg is equal to 4 ln͉k͉ plus a constant term that depends on the regularization at short distances. According to ͑2.8͒ and ͑2.9͒, if the dominant asymptotic behavior of g͑r͒ at large distances is g as ͑r͒ϭ͑ln r͒ n /r 3 , while ͓gϪg as,reg ͔͑r͒ decays faster than 1/r 3 , then g as,reg ͑k͒ is of order zero in ͉k͉ and Ã g,reg ϵ͐dr͓g(r)Ϫg as,reg (r)͔ is finite ͑if there is no short-distance nonintegrability͒. In this case,
where O͉͑k͉͒ϭ͐dr͓exp͑ik•r͒Ϫ1͔͓gϪg as,reg ͔͑r͒ starts at the order ͉k͉. If g as ͑r͒ϭ͑ln r͒ n /r ␥ with ␥у4, the Fourier transform of g͑r͒ reads
͑2.11͒
When g and g as,reg are sufficiently regular at short distances, the first term is a sum of analytic terms. Since ͓gϪg as,reg ͔͑r͒ decays at least as ͑ln r͒ nϪ1 /r ␥ , the second term contains S (␥Ϫ3,n) ͑k͒ plus terms of order ͉k͉ ␥Ϫ3 times a possible ͑ln͉k͉͒ nЈ ͑with nЈрnϪ1͒, while the third term contains only ͑nonanalytic and analytic͒ terms that are of order greater than that of S (␥Ϫ3,n) ͑k͒. If nϭ0, as will be the case in the following, ͑2.11͒ implies that g͑k͒ϭ͓gϪg as,reg ͔͑kϭ0͒
where Õ "S ͑␥Ϫ3,0͒
͑k͒… denotes ͑analytic or nonanalytic͒ terms of order greater than that of S ͑␥Ϫ3,0͒
͑k͒. In the case of the algebraic tails of the ⌸ diagrams ͑see Secs. III D and III E͒, there appears no ͑ln r͒ n /r ␥ with nϾ0, while there proves to be no need of short-distance regularization for g as ͑r͒. Indeed, if g as ͑r͒ϭ‫ץ‬ ͑1/r͒, then the singular term is k k times the nonanalytic term in the Fourier transform of 1/r, which reduces to 4/k 2 ͑without any ln͉k͉͒; moreover, the Fourier transform of 1/r does not need any short-distance regularization, while its derivatives become integrable after integration over the orientation of r because only powers of the Laplacian of 1/r survive and the latter is short ranged. For instance, the Fourier transform of every purely algebraic term W ␥ , defined in ͑5.33͒ of paper I and which involves only derivatives of 1/r, reduces to one term S ͑␥Ϫ3,0͒ ͑k͒ of order ͉k͉ ␥Ϫ3 and without any ln͉k͉, and ͐dr W ␥ (r, i , i Ј) is conditionally convergent at short distances. According to the property ͑5.35͒ of paper I, the Fourier transforms of W 3 and W 4 , respectively, read
and
͑2.14͒
Since F R ϪW decays as
2 , plus faster tails, according to ͑2.11͒,
where
, and so on. k ͑x ͒ is the component of the vector k ͑x͒ with space index . O͉͑k͉ ␥ ͒ denotes a function starting at the order ͉k͉ ␥ . Subsequently, the large-distance behavior of convolutions can be determined precisely. The asymptotic behavior of the convolution [g 1* g 2 ]͑r͒ is dominated by the inverse Fourier transform of the lowest-order nonvanishing singular term in g 1 ͑k͒g 2 ͑k͒. We distinguish the cases where g 1 and g 2 decay with different inverse power laws from the cases where they decrease algebraically with the same exponent. Moreover, we assume the following properties. If g͑r͒ decays faster than 1/r 3 , then ͐dr g͑r͒ is supposed to be finite ͑there is no singularity at short distances͒, so that its Fourier transform is given by ͑2.12͒ with g as in place of g as,reg . If g͑r͒ decays as 1/r 3 , when g as ͑k͒ is a pure function of k/͉k͉ with no constant term, we assume that A g ϵ͐dr͓g͑r͒Ϫg as ͑r͔͒ is finite ͓the integral is absolutely ͑conditionally͒ convergent at large ͑short͒ distances͔, and when g as,reg ͑k͒ϭ␣ reg ͑0͒ ϩAϫ4 ln͉k͉, we assume that A g ϵ͐dr͓g͑r͒Ϫg as,reg ͑r͔͒ϩ␣ reg ͑0͒ is finite; then ͑2.10͒ becomes
͑2.17͒
If g 1 ͑r͒ decays as 1/r ␥ 1 and g 2 ͑r͒ as 1/r ␥ 2 , with 3р␥ 1 Ͻ␥ 2 , then, according to ͑2.12͒ or ͑2.17͒, the first singular term in g 1 ͑k͒g 2 ͑k͒ is g 2 (kϭ0)S g 1 (␥ 1 Ϫ3) (k) ͓if g 2 ͑kϭ0͒ 0͔ and g 1* g 2 decays as the slowest of the two functions g 1 and g 2 :
͑2.18͒
where o(1/r ␥ 1 ) denotes a term that decays faster than 1/r ␥ 1 . Moreover, if ␥ 1 ϩ1Ͻ␥ 2 and the first subleading term in the large-distance behavior of g 1 falls off as 1/r ␥ 1 ϩ1 , then the first subleading asymptotic behavior of g 1* g 2 is the inverse
If g 1 ͑r͒ and g 2 ͑r͒ decay with the same power law 1/r ␥ , with ␥Ͼ3, S g 1 (␥) (k) and S g 2 (␥) (k) are of the same order in ͉k͉ and the asymptotic behavior of g 1* g 2 is given by the sum of the two terms g 1 (kϭ0)S g 2 (␥Ϫ3) (k) and g 2 (kϭ0)S g 1 (␥Ϫ3) (k),
͑2.20͒
If g 1 and g 2 are proportional to 1/r 3 at large distances, then, with the notations of ͑2.17͒, S g i (0,0) (k)ϭc i ϫ4 ln͉k͉ and g 1* g 2 behaves as the inverse Fourier transform of the zeroth order terms
namely,
is the inverse Fourier transform of a term ͑ln͉k͉͒ 2 and it behaves as ͑ln r͒/r 3 . However, in the following discussion, the singular terms of order zero in ͉k͉ are of the form
(3,0) ͔(r) decays as 1/r 3 and not as ͑ln r͒/r 3 .
III. PARTICLE-PARTICLE CORRELATIONS
According to Sec. V D of paper I, the exchange part of the particle-particle correlation decays faster than any inverse power law of the distance. The nonexchange part ␣ a ␣ b (2)TQ (r ab )͉ nonexch of the particle-particle correlation, which is defined in ͑4.7͒ of paper I, is related to h͑L a ,L b ͒ by
͑3.1͒
Its large-distance behavior is studied by using the Dyson equation ͑2.6͒.
A. Upper bound for the decay of K
The ⌸ Wc diagrams, and subsequently H, are shown to decay at least as 1/r ab 6 , even before integration over the shapes of the root points, by considering two classes. In the first class, every diagram ⌸ Wc contains no bond W. Since an integrable diagram cannot decay more slowly than each of its bonds, namely, F cc , F cm , F mc , and F R6 , it behaves at least as 1/r ab 6 . In the second class, every diagram ⌸ Wc contains at least one W bond. If a bond W does contribute to the leading term in the asymptotic behavior of the ⌸ Wc diagram, its contribution is multiplied by that of other bonds and the product of these two contributions must decrease at least as ͑1/r ab 3 ͒ 2 , as explained in the following.
According to the topological definition of the ⌸ Wc diagrams, for each pair of points P i and P j that are linked by a W bond, there exists a path linking L a to L b that does not contain the bond W͑P i ,P j ͒. Thus the integral corresponding to a ⌸ Wc diagram of the second class may be written as
where G͑r a ,r b ; a , b ;P i ,P j ͒ is the value of a subdiagram of the ⌸ Wc diagram after integration over all its internal points except P i and P j . This subdiagram is connected with respect to the root points L a and L b , so that, at large distances, it decreases at least as 1/r ab 3 , which is the decay of the slowest F bond. Then two cases might occur.
͑i͒ If the topology of ⌸ Wc is such that none of the bonds W contributes to its dominant asymptotic behavior, then the latter is at least a 1/r 6 falloff, since it is determined by the other bonds F cc , F cm , F mc , and F R6 , as for the diagrams of the first class. For instance, in the diagram ⌸ of Fig. 3͑a͒ , the bond W(P 1 Ј ,P 1 ) contributes only to a 1/r 9 tail arising partly from the product of the bonds W(P 1 Ј ,P 1 ) and F R6 ͑L a ,P 1 ͒ and the leading term in the asymptotic behavior of the diagram is a 1/r 6 tail originating from the bond F R6 ͑P 1 ,L b ͒. ͑ii͒ If the bond W͑P i ,P j ͒ contributes to the leading term in the asymptotic behavior of the ⌸ Wc diagram, then the leading term is given by the Taylor expansion 
͑3.3͒
The product of these two contributions decays at least as the product ͑1/r ab 3 ͒ 2 . For instance, the two diagrams of Figs. 3͑b͒ and 3͑c͒ have a 1/r 6 falloff arising from the product of the bond W͑L a ,L b ͒ with respectively, the bond 
B. Upper bound for the decay of the convolution chains
The large-distance behavior of the chain made with ͑Iϩ1͒ graphs K linked by I bonds W in ͑2.6͒ can be analyzed rigorously in Fourier space. ͑The study is far more cumbersome in position space and, in Appendix A, we sketch the argument in position space only in the case of simple convolution chains.͒ Moreover, for the simplicity of the discussion, we use the decomposition of the Fourier transform of W as a series of purely nonanalytic terms w
where w ͓m i ,n i ͔ is a singular term of order ͉k͉ m i ϩn i Ϫ2 given by ͑5.33͒ of paper I,
A chain in ͑2.6͒ with ͑Iϩ1͒, K graphs linked by I bonds W makes a contribution to ␣ a ,␣ b (2)TQ (k) ͓see ͑3.1͔͒, which can be written as a series of chains involving purely algebraic terms
where with iϭ1,...,I and m i and n i ranging from 1 to ϱ. For conciseness, we omit the dependence upon the species ␣, the sizes p, and the times , in the notation C I ͑k; a , b ;͕m i ͖,͕n i ͖͒ in the following.
The integration over the shapes of the loops, including the root points, is performed with the result
The quantity K a,1
contains the integration over the shape of the root point and the shape X 1 (X I Ј),
͑3.10͒
K a,1 ͓m 1 ͔ (k) also depends on ␣ a , ␣ 1 , p a , p 1 , and 1 .
, and i Ј͒,
͑3.11͒
Since the measure D͑X͒ is invariant under rotations of X while the bonds F are unchanged under a simultaneous rotation of R i j , X i , and X j , K(k, i Ј , iϩ1 ) is also invariant under global rotations of (k,X i Ј ,X iϩ1 ) and the K's are functions of ͉k͉. As a consequence, the small-k expansion of a K contains only even powers of ͉k͉ up to the first nonanalytic term that characterizes the slowest algebraic tail in the largedistance behavior of K͉͑r͉͒.
The structure of the first two terms in the small-k expansion of a K can be readily determined from the rotational invariance of K and the measure D͑X͒ because the first nonanalytic term in the small-k expansion of K is of order ͉k͉ 3 . Indeed, according to Sec. III A, H(r, i Ј , iϩ1 ) decays as 1/r 6 at large distances and, according to ͑2.12͒, its Fourier transform at small k reads
͑3.12͒
Õ ͉͑k͉ 3 ͒ contains analytic terms of order ͉k͉ 3 and terms of higher orders. K has the same large-distance behavior as H and the small-k expansion of K is equal to that of H plus the constant ( iϩ1 )␦ i Ј , iϩ1 . The first terms in the small-k ex- , respectively, if m 1 is odd. This result can be summarized by introducing the function such that (n)ϭ0 if n is an even integer, whereas (n)ϭ1 if n is odd,
where O͉͑k͉ p ͒ denotes a term of order ͉k͉ p . Similarly,
In the same way, the dimension of the first two terms in the small-k expansion of and K i,iϩ1 [1,1] ͑k͒ are of order ͉k͉ 2 when ͉k͉ goes to zero, and the next term in their small-k expansion is of order ͉k͉ 4 . According to the structure ͑3.12͒ of the small-k expansion of K͑k, i , j ͒, the first term in the small-k expansion of any K is analytic in the components of k and the possible singularity due to the term S H (3) (k, i Ј , iϩ1 ) may appear ͑if it is not canceled by integration over the shapes X͒ only in the next nonzero higher-order term ͓because (n I )ϩ2р3 and (n i ϩm iϩ1 )ϩ2р3͔.
According to the previous arguments of both dimensional analysis and rotational invariance, the first term in the small-k expansion of C I ͑k,͕m i ͖,͕n i ͖͒ defined in ͑3.8͒ is proportional to ͉k͉ D C I, while the next term is of order ͉k͉
, where, according to ͑3.13͒-͑3.15͒, the dimension
͑3.16͒
Since nϩ(n) is even, D C I (͕m i ͖,͕n i ͖) can take only even values. Moreover, m i у1 and n i у1 for every iϭ1,...,I, while nϩ(n)ϭ2 for nϭ1,2; nϩ(n)ϭ4 for nϭ3,4; and so on. Subsequently, the dimension D C I (͕m i ͖,͕n i ͖) given by ͑3.16͒ can be equal to 2,4,6,... . D C I (͕m i ͖,͕n i ͖) is positive and even and the first term in the small-k expansion of the chain C I ͑k,͕m i ͖,͕n i ͖͒ is analytic, while the first possible nonanalytic term is the next term in the expansion, which is of order ͉k͉
ϩ2 with D C I ϩ2у4. In other words, the convolution chains ͑3.8͒ decay at least as 1/r 7 and, eventually, the part ͑3.1͒ of the particle-particle correlation behaves as 1/r 6 . At this point, we make a comment on the origin of the upper bound 1/r 7 . First, before integration over the shapes of its end points, a convolution C I ͑r, a , b ;͕m i ͖,͕n i ͖͒ decays as 1/r 3 because the Coulomb potential decays sufficiently fast for W to be at the borderline of integrability. Moreover, the fact that W͑P ,P Ј͒ involves the components of the shapes of both P and P Ј together with the rotational invariance of the interactions and of the loop measures have two consequences, once the integration over the shapes of all loops has been performed. First, they ensure that the dimension D C I (͕m i ͖,͕n i ͖) of the first term in the small-k expansion of C I ͑k;{m 1 } ,{n 1 }͒ may take only values that differ by an even integer. Second, since they enforce K a ͓m 1 ͔ and K b ͓n I ͔ to start at least at the order ͉k͉ 2 , D C I (͕m i ͖,͕n i ͖)у2. Then, the harmonicity of the Coulomb potential implies that the dimension of the first nonanalytic term is at least
͑k͒ is of order ͉k͉ Ϫ2 but not proportional to 1/k 2 , the first term in the small-k expansion of
͑3.17͒
It would be of order ͉k͉ D C I with D C I у2 given by ͑3.16͒, but it would not be analytic and the chains ͑3.8͒ would decay at least as 1/r 5 . To sum up, because of the structure of W that arises from its definition as the difference between the loop potential and the electrostatic potential and once the basic rotational invariance has been taken into account, a mere dimensional analysis shows that the chains decay at least as 1/r 5 . Henceforth, the harmonicity of the Coulomb potential is crucial to ensure that the chains in the Dyson equation ͑2.6͒ decay faster than 1/r 6 . These arguments are exemplified in position space, in Appendix A. The 1/r 6 decay of the particle-particle correlations can only arise from the ⌸ diagrams that give at least one . Subsequently, according to ͑2.20͒, the 1/r 6 tail of the diagram in Fig. 4͑a͒ originates from the integration with the measure
where A( i , j ) is given by ͑2.16͒. Only the At the order Nу3, the ⌸ diagram made with a product of two convolution chains of bonds F R , one chain with n bonds in it and the other one with NϪn bonds, decays as 1/r 6 because a convolution chain of bonds F may decay as 1/r 3 before integration over the shapes X a and X b of each end. Indeed, the asymptotic 1/r 3 behavior of a convolution is determined by the singular terms of order zero in ͉k͉ in the expansion of the product of the small-k behaviors of the various functions involved in the convolution. The decomposition ͑2.17͒ allows one to disentangle the singular term
For instance, let us consider the diagram of Fig. 4͑b͒ . This diagram leads in particular to the ⌸ Wc diagrams of Figs. 3͑b͒ and 3͑c͒. According to ͑2.21͒, the asymptotic behavior of the diagram in Fig. 4͑b͒ reads
The last term in curly brackets in ͑3.20͒ is equal to
͑3.21͒
More generally, according to ͑2.21͒ and ͑3.19͒, the 1/r 3 behavior of a convolution can only originate from one or several W 3 ͑k, i , j ͒, i.e., from convolutions of W 3 with subdiagrams of ⌸. The asymptotic behavior of such convolutions is of the form
where the expression of g mid is analogous to that of G mid in Appendix A, with the K
͓1,1͔
's in G mid replaced by moments of subdiagrams of ⌸ calculated with respect to the shapes of their internal points.
As a final example, let us consider the ⌸ diagram in Fig. 4͑c͒ , which leads in particular to the ⌸ diagram of Fig.  3͑a͒ through the decomposition ͑2.4͒,
According to the general discussion of Sec. III B, after integration over X a and X b , the contribution from ⌸ 4(b)* W decays faster than 1/r 6 and the 1/r 6 tail of
given by the convolution of ⌸ 4(b) with F R ϪW. Since both latter functions behaves as 1/r 6 , even before integration over their root points, the leading asymptotic behavior of ⌸ 4(c) is the sum of two contributions given by ͑2.20͒,
͑3.22͒
where ͓⌸ 4(b) ͔ as is the asymptotic behavior of the diagram ⌸ 4(b) , which is written in ͑3.20͒.
As a conclusion, if the leading term in the asymptotic behavior of a ⌸ Wc diagram ͑after integration over the root points͒ is 1/r 6 , then this tail comes either from the asymptotic behavior of a bond F R6 ϭF R ϪW, which is equal to ͑W 3 ͒ 2 /2, or from the product of two 1/r 3 asymptotic behaviors, each of which arises from the asymptotic behavior W 3 of one or several W bonds involved in convolutions with subdiagrams of ⌸ Wc . If we return to ⌸ diagrams ͓before the decomposition ͑2.4͒ into ⌸ diagrams͔, the result is the following: the 1/r 6 tail of a ⌸ diagram comes either from the term ͑W 3 ͒ 2 /2 in the asymptotic behavior of one F R bond or from the product of the asymptotic behavior of two convolutions, each of which is built with subdiagrams of ⌸ linked by at least one F R bond. Henceforth, after integration over the internal points of the chain, the general structure of the A ␣ a ,␣ b /r 6 tail takes the form
͑3.23͒
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D. Structure of algebraic tails in ⌸ diagrams
Now, in view of the discussion of Sec. IV, we turn to the 1/r ␥ leading and subleading algebraic tails of ⌸ diagrams that have any exponent ␥у6. An algebraic tail in the asymptotic behavior of a ⌸ diagram arises either from a single elementary algebraic chain or from a product of the former elementary objects. An ''elementary algebraic chain'' refers either to an algebraic bond ͑W or F R6 ͒ or to a convolution chain with such algebraic bonds at both ends and with subdiagrams of ⌸ and algebraic bonds in the middle of the convolution. The asymptotic behavior of a single elementary algebraic chain involves a series of purely ''elementary algebraic tails'' S (␥)͓q,qЈ] ͑P ,P Ј͒, which decays as 1/r ␥ and involves q components of the shape of P and qЈ components of the shape of P Ј. 
where G͑L a ,P 1 ,...,P L ͒ is equal to a subdiagram of ⌸ integrated over all its points except ͑L a ,P 1 ,...,P L ͒, and so is GЈ(L b ,P 1 Ј ,...,P L Ј). ͑Examples have been given in Secs.
III A and III C.͒ In the following, we use the notation ϵ͑␣,p,Z͒ for the internal degrees of freedom of a loop, in order to avoid confusion with the variables ϭ͑␣,p,X͒ used in the convolution chains of Eq. ͑2.6͒. The series of algebraic tails of ͑3.24͒ are obtained by expanding each S 
where the partial derivative where the allowed values for P depend on (q,qЈ) and are given in Appendix B. The structure ͑3.26͒ arises from the decomposition of W͑r,,Ј͒ as a series of purely algebraic terms w [m,n] given by ͑3.5͒
͓Z͔ j is the component of the vector Z with space index j . The space indices j and jЈ take the values 1,2,3, while j runs from 1 to m ͑jЈ from 1 to n͒. The insertion of ͑3.26͒ into ͑3.25͒ shows that the tail T has a tensorial structure analogous to that of the elementary algebraic tails S
͑3.30͒
A ͕ ͖ ͓Q a ϩ͚ l q l ͔ (X a ) is a moment of the function
, which is of order q l in the components of every Z l (lϭ1,...,L),
is the component of the vector Z l with space index l, j l , which takes the values 1,2,3, and j l runs 
If Lϭ1, the tail T originates from a convolution of algebraic bonds and subdiagrams of ⌸. If the convolution contains a W bond,
where P(q,qЈ) may take the values ͑B10͒. The exponent ͑3.30͒ of the decay of T͑r ab ,,Ј͒ with Lу2 can be written as
͑3.33͒
where ␦ T ϵ( ͚ lϭ1 L P l )ϪL does not depend on either L, Q a , or Q b . Since the allowed values for P l depend on q l and q l Ј , the allowed values of ␦ T also depend on the values of ͕(q l ,q l Ј)͖ lϭ1,...,L and we have to distinguish three cases ͑I͒-͑III͒, which are detailed in Appendix C.
E. Algebraic tails of K
The structure of one of the algebraic tails of a ⌸ Wc diagram before integration over the shapes of the root points L a and L b is derived from the topological definition of a ⌸ Wc diagram, as already done for the particular 1/r 6 tail. Since a diagram ⌸ Wc remains connected when one W bond is suppressed, an algebraic tail of the whole diagram may be of two kinds. First, it may come from the following single elementary algebraic chain convoluted with subdiagrams of ⌸ Wc at both ends: either one F R6 bond or a convolution involving F R6 bonds ͑but no W bond͒ and subdiagrams of ⌸ Wc . In this case, the tail is an algebraic tail T ͑3.29͒ with Lϭ1, qу2, and qЈу2, and its exponent is given by ͑3.32͒ and ͑B11͒. Second, the algebraic tail may arise from the product of at least two elementary algebraic chains S (␥) [q,qЈ] defined at the beginning of Sec. III D. Then, the exponent ␥ T of the tail T ͑3.29͒ ͑with Lу2 and P l у1͒ is given by ͑3.33͒.
After integration over the shapes of the end points L a and L b , the algebraic tail ͑3.29͒ in a ⌸ Wc diagram is not canceled only if ͐D(X a )A ͕ ͖ ͓Q a ϩ͚ l q l ͔ (X a ) 0 and
may be nonzero only if Q a ϩ ͚ lϭ1 L q l is even. The details are given in Appendix C. Eventually, in ͐D͑X a ͒͐D͑X b ͒⌸ Wc ͑r ab ,X a ,X b ͒, the first three possible tails are 1/r 6 ,1/r 8 ,1/r 9 , the first two tails correspond only to Lϭ1,2, while the 1/r 9 tail comes from convolutions such as F R6* F R6 . Any tail 1/r ␥ , with ␥ an integer and ␥у9, may appear.
F. Algebraic tails in the convolution chains
Next, we show that the interplay between the structure of W and both the rotational invariance and the harmonicity of the Coulomb potential ensures that the convolution chains may decay only as 1/r 8 , 1/r 10 , or 1/r ␥ , with ␥у11. The order of the first nonanalytic term in the K͉͑k͉͒'s is given by the study of the algebraic tails that survive after integration over the shapes of the root points in the diagrams ⌸ Wc that contribute to H. This study is detailed in Appendix C and the result is the following. Because of the integration over the shapes X of all loops, the order of the first nonanalytic term in K a,1 ͓m 1 ͔ (͉k͉) and K i,iϩ1 ͓n i ,m iϩ1 ͔ (͉k͉) proves to be greater than or equal to ͉k͉ m 1 ϩ3 and ͉k͉ n i ϩm iϩ1 ϩ3 , respectively, though the first nonanalytic term in the small-͉k͉ expansion of H is only of order 3. The reasons for this result are the following. First, W comes from the difference between the loop potential and the electrostatic potential, so that in every w ͓m i ,n i ͔ (P i ,P i Ј), the derivatives of the Coulomb potential are associated with the shapes X of both arguments P i and P i Ј . Second, after integration over the shapes X, only the terms that are not canceled by rotational invariance arguments remain. For instance, according to ͑C29͒, Nу9 and the K a,1 ͓m 1 ͔ (͉r͉)'s fall off at least as 1/r 8 . Since n I у1, the same mechanism holds for K I Ј ,b ͓n I ͔ (k). Similarly, the first nonanalytic term in the small-k expansion of K i Ј ,iϩ1
is of order ͉k͉ ␥Ϫ3 with ␥уn i ϩm iϩ1 ϩ6 because, according to ͑C39͒,
͑3.35͒, the ellipsis represents the possible analytic term of order n i ϩm iϩ1 ϩ(n i ϩm iϩ1 )ϩ4 in the case where (n i ϩm iϩ1 )ϩ4Ͻ(n i )ϩ(n iϩ1 )ϩ3. Since m i у1 and n i у1, the expansion ͑3.35͒ starts at least at the order ͉k͉ 2 and the first nonanalytic term is at least of order ͉k͉ 7 . The possible algebraic tails of K i Ј ,iϩ1 ͓n i ,m iϩ1 ͔ (r) are given in ͑C38͒ and since the slowest tail is 1/r 6ϩn i ϩm iϩ1 ϩ(n i )ϩ(m iϩ1 ) , it falls off at least as 1/r 10 . The first terms in the small-k expansion of a chain C I ͑k;͕m i ͖,͕n i ͖͒ given by ͑3.8͒ are derived from ͑3.34͒ and ͑3.35͒,
where 
͑3.37͒
For these convolutions, according to ͑3.34͒ and ͑3.35͒ , and ͉k͉
10
, respectively.
In the second case, n i ϭm iϩ1 ϭ1 for all iϭ1,...,IϪ1, except i 0 , for which (n i 0 ,m i 0 ϩ1 ) is equal to ͑1,2͒, ͑1,3͒, ͑2,1͒, ͑3,1͒, or ͑2,2͒, while (m 1 ,n L ) is equal to one of the four values in ͑3.37͒. According to ͑3.35͒
͑9͒ ͉͑k͉͒ϩÕ ͉͑k͉ 9 ͒, ͑3.41a͒
According to ͑3.38͒ with one , and 1/r ␥ , with ␥у10. As an introduction to next section, we notice that, since ͐ 0 pЈ dЈe Ϫik•XЈ(Ј) ␣,␣ Ј (2)TQ (k,,Ј) has the same global rotational invariance property as ␣,␣ Ј (2)TQ (k,,Ј) and since they coincide, up to a p factor, at kϭ0, the same discussion as that developed for the nonexchange part of the particleparticle correlation can be applied to
and the latter term proves to have its first singular term at least at the order ͉k͉ 3 . Subsequently, according to the linear response relation ͑4.27͒ of paper I, the induced charge density in the presence of an infinitesimal external charge decays at least as 1/r 4 . However, as shown in Sec. IV E, the induced charge density has a faster falloff because of Coulomb screening.
IV. CHARGE-CHARGE CORRELATION AND INDUCED CHARGE DENSITY
A. Classical case
First, we investigate the classical screening mechanism for the induced charge density in the presence of an external infinitesimal charge. This mechanism is exhibited by a suitable reorganization of the resummed Mayer-Meeron diagrammatics for the classical system.
As recalled at the end of Sec. V C of paper I, the classical prototype diagrams ⌸ cl are built with two kinds of bonds 
͑4.1͒
Equation ͑4.1͒ can be written in a more compact form that involves only one convolution ͑where the convolution operates on the position variable͒ as 
The charge density of the system made by a particle of species ␣ a Ј and its polarization cloud is ͚ ␣ a e ␣ a ⌺ cl (r a Ϫr a Ј ,␣ a ͉␣ a Ј) and the Fourier transform of its Debye approximation reads
The Debye approximation satisfies the screening rule ͑1.2͒ of paper I: the net charge of the polarization cloud around a charge of the medium exactly compensates this charge. Moreover, the charge-charge correlation defined in ͑4.30͒ of paper I can be written as C
(r,␣ a ͉␣ a Ј) and the Fourier transform of its Debye approximation is equal to
The small-k expansion of C DH cl ͑k͒ starts as ͑1/4␤͒k 2 , so that, according to the classical response relation ͑4.36͒ of paper I, the total Debye induced charge ͐dr͚ ␣ e ␣ ␣,DH ind ͑r͒ in the presence of an infinitesimal external charge ␦q is exactly opposite to ␦q. In other words, C DH cl (r) also satisfies the basic screening rule ͑1.3͒ of paper I.
The Fourier transform of the classical charge-charge correlation C cl ͑r͒ can be decomposed as the sum of the contributions from the Debye correlation
After exchange of the order of summations over ␣ a and ␣ a Ј , on one hand, and ␣ b and ␣ b Ј , on the other hand, the contributions ͑4.4͒ factor out and . Eventually, the first term in the small-k expansion of C cl ͑k͒ is given by the corresponding term in C DH cl ͑k͒, so that, according to ͑4.5͒, both the Debye approximated correlation and the exact classical correlation obey the Stillinger-Lovett sum rule ͑4.42͒ of paper I, which is the classical version of the general sum rule ͑1.3͒ of paper I. We note that a consequence of the previous discussion is that any approximated particle-particle correlation that is devised by replacing h nn by an approximated function in the relation ͑4.1͒ satisfies the Stillinger-Lovett sum rule by construction.
B. Basic mechanisms in the quantum case
In the quantum case, the charge-charge correlation C Q ͑k͒ can be decomposed into the sum of two terms: the Fourier transform of a short-ranged contribution given by ͑4.29͒ and ͑5.14͒ of paper I,
͑4.7͒
where 2 ϭ4␤͐d a e ␣ a 2 p a 2 ( a ) and the contribution from the correlations between particles that are not exchanged under the same cyclic permutation,
In Sec. IV C we will show that the part C Q ͉ nonexch ͑r͒ of the charge-charge correlation decays only as 1/r 10 , whereas the particle-particle correlation decays as 1/r 6 . In Fourier space, this means that the order of the first nonanalytic term in the small-k expansion of C Q ͑k͒ is increased by 4 with respect to the corresponding order for ␣ a ␣ b (2)TQ (k). The basic mechanisms are of two kinds. First, in the loop system as in the classical particle system, the sum ⌸ϩF cc * ⌸ ͑where the convolution operates on the loop-position variable and is the density of the intermediate point of the convolution͒ gives a contribution to C Q ͉ nonexch ͑r͒, the Fourier transform of which is proportional to k
sity around a loop L a Ј is defined by analogy with ͑4.3͒,
As in the classical case ͓see Eq. ͑4.4͔͒, the total charge of the loop and its Debye polarization cloud is zero and, after averaging over the shapes of the loops, the charge density of this system satisfies
The structure of the Fourier transform of the convolution ͑4.9͒ is very similar to that of the convolution
. After exchange of the integrations over a and a Ј , according to ͑4.11͒,
An analogous mechanism takes place in the case of the induced charge density and will be detailed in Sec. IV F.
The other partial-screening mechanism involved in the falloff from the exponent 6 to the exponent 10 lies in the fact that the diagrams that have the structure F cm * ⌸ and F cm * ⌸ * F mc decay as 1/r 8 and 1/r 10 , respectively. Indeed, the Fourier transforms of these diagrams are proportional to an analytic function of k ͓namely, ͑k͔͒ times
respectively. As in the case of the particle-particle correlation, the Dyson equation ͑2.6͒ can be used. According to Appendix C, rotational invariance arguments and the structure ͑3.29͒ of the algebraic tails T of the ⌸ diagrams imply that, if ⌸ is a ⌸ Wc diagram, which decays at least as 1/r 6 , the ''dressed'' diagrams ͑4.13͒ and ͑4.14͒ fall off at least as 1/r 8 and 1/r 10 , respectively, and the same is true for H. If ⌸ is a chain made with Iϩ1 diagrams contributing to K linked by I bonds W, the discussion about the large-distance behavior of the chains can be adapted from that given in Sec. III B for the particle-particle correlation and the dressed diagrams ͑4.13͒ and ͑4.14͒ also prove to decay at least as 1/r 8 and 1/r 10 , respectively, in the case of the above convolution chains.
Eventually, a suitable reorganization of the diagrams analogous to that performed in the classical case ͓see ͑4.2͔͒ is introduced in next subsection. It leads to integral relations that allow one to show that C Q (r) behaves as 1/r 10 .
C. Integral relations
By analogy with the classical case described in Sec. IV A, we introduce two kinds of root points with the same terminology as above. In the quantum resummed Mayer-like diagrams, the excluded-convolution rules lead to the following definitions. A so-called Coulomb-root point L a in a ⌸ diagram is a root point that is involved either in one and only one F cc bond or in one and only one bond F cm ͑L a ,P i ͒. A non-Coulomb-root point L a is involved either in one bond F R , or F mc ͑L a ,P i ͒, or in at least two bonds, whatever they are.
The basic integral relations that are useful for our purpose involve sums of graphs as follows. The loop Ursell function h͑L a ,L b ͒, which is the sum of the ⌸ diagrams ͓as defined in ͑5.10͒ of paper I͔ may be decomposed into 
gram that is also a ⌸ diagram with respect to the root points
we get an integral relation involving h and h nϪ ,
͑4.15͒
This ''left-dressing'' relation can be written in a more compact form by using the short notation g * , where is the 
͑4.16͒
⌺ D is defined in ͑4.10͒ and we use the convention that 
͑4.18͒
With 
͑4.26͒
In the following C (L) Q (r), with LϭA,...,E, denotes the contribution from h (L) ͑L a ,L b ͒ to the nonexchange part C Q ͉ nonexch (r) of the quantum charge-charge correlation function C Q (r) given by ͑4.8͒.
The diagrams in h (A) involve only exponentially decaying bonds and h (A) ͑L a ,L b ͒ decays faster than any inverse power law of the distance ͉R a ϪR b ͉. This result remains valid after integration over the shapes of the root points and C (A) Q (r) has a fast falloff. According to the screening property ͑4.12͒ of the Debye loop cloud ⌺ D , the Fourier transform of C (B) Q (r) reads
͑4.27͒
According to Sec. III, ͐D͑X 1 ͒͐D͑X 2 ͒⌸͑P 1 ,P 2 ͒ decays at least as 1/r 6 , 1/r 8 , 1/r 9 ,..., so that the first nonanalytic terms 
The decomposition ͑2.6͒ of h into H and convolution chains of graphs K linked by bonds W can be performed for h nϪ , which is a partial sum of the graphs contributing to h,
͑4.29͒
The functions relative to h nϪ have the same notations as those corresponding to h, except that they carry an extra supercript nϪ. 
. The Fourier transform of the contribution C (E)
Q (r) from h (E) given by ͑4.26͒ reads 
͑4.33͒
The value obtained by replacing h by a single bond
The diagram F cc ensures that the induced charge density exactly screens the infinitesimal external charge, though it does not contribute alone to the term of order k 2 in C Q ͑k͒, as discussed in Sec. IV F.
The contribution from the convolution ⌸ * ⌺ D to the Fourier transform of the charge-charge correlation C Q ͑k͒ starts at the order ͉k͉ 2 and its contribution to the nonexchange part of the induced charge density ͚ ␣ e ␣ ␣ ind ͉ nonexch ͑k͒ starts at the order zero. Indeed, this contribution reads
The term in curly brackets in ͑4.35͒ can be written as the 
⌺ D Ã has a property similar to ͑4.11͒
͑4.37͒
According to ͑4.32͒, the function ͑4.37͒ starts at the order k 2 when ͉k͉ goes to zero. After exchange of the order of the summations over b and b Ј , the contribution from ⌸ * ⌺
In order to study both the first term and the first nonanalytic term in ͚ ␣ e ␣ ␣ ind ͉ nonexch ͑k͒ by using the property ͑4.38͒, we introduce a decomposition of h that is different from that exhibited in ͑4.21͒ for the contribution to C Q ͑k͒. In a recurrence scheme, we write the right-dressing relation ͑4. 
, when ͉k͉ goes to zero. Henceforth, the contribution from (B) , on one hand, and h (C) and h (D) , on the other hand.
According to ͑4.12͒, the Fourier transform of the contribution to ͚ ␣ e ␣ ␣ ind ͑k͒/␦q͑k͒ from h (B Ã ) reads
where, according to ͑4.38͒ and to the property that
͑4.46͒
When ͉k͉ goes to zero, G 1 
Ϫn (k, a Ј , b Ј) decay at least as 1/r 8 and 1/r 10 , respectively, and the same is true for their contributions to ͑4.44͒.
The Fourier transform of the contribution to
where the definitions of G 1 Ϫn and G 2 are similar to those of
Ϫn and
nn , respectively. According to ͑4.13͒ and ͑4.14͒, after integration over X a and X b , the inverse Fourier transforms of the latter functions decay as 1/r 8 and 1/r 10 , respectively, and ͑4.47͒ has similar algebraic tails.
F. Second moments
We make a comment about the first term in the small-k expansion of C Q ͑k͒. Let us call the ''Debye'' contribution to C Q ͉ nonexch ͑k͒ the sum
According to ͑4.7͒ and ͑4.8͒,
where the first term on the right-hand side is equal to 
, while the structures of
Q , and C (E) Q are given by ͑4.27͒, ͑4.28͒, and ͑4.30͒, respectively. Rotational invariance arguments imply that all these contributions, except C (E) Q , start at the order ͉k͉ 4 , when ͉k͉ goes to zero, while C (E) Q starts only at the order ͉k͉ 2 . In fact, after applying the left-dressing relation ͑4.16͒ to h in the term F cm * h * F mc of ͑4.49͒ and then the rightdressing relation ͑4.19͒ to h nϪ in F cm * h nϪ * F mc , after taking into account rotational invariances, only F cm * h nn * F mc contributes at the order ͉k͉ 2 to C (E) Q . Thus the only terms that survive at the order ͉k͉ 2 in the integral relation ͑4.49͒ are
͑4.50͒
Equation ͑4.50͒, which originates from the Mayer-like diagrammatics, and Eq. ͑4.40͒ of paper I, which is derived from the external screening equation ͑1.3͒ and the linear response ͑4.32͒, are different expressions of the second moment of the charge-charge correlation. The second contribution in curly brackets on the right-hand side of ͑4.50͒ contains a term of order ប 2 (p a ϭp b ϭ1), a term of order ប exp͑ϪG 12 /ប͒ ͑p a ϭ1 and p b ϭ2͒, a term of order exp͑ϪG 22 /ប͒ (p a ϭp b ϭ2), and so on. Eventually, at the order ͉k͉ 
V. COMPARISON WITH SCREENING IN OTHER FORMALISMS
A. Correlation in the chain approximation
A more microscopic approach than that of the mean-field models can be investigated by means of formalisms in which the linear response theory gives the relation between the induced charge density and some kind of charge-charge correlation function. As recalled in paper I, in classical statistics, it is the charge-charge correlation ͑4.30͒ itself that is involved ͓see ͑4.36͔͒. In quantum mechanics, the linear response theory ͑4.34͒ relates the static induced charge density to the zero-frequency component of the time-ordered chargecharge correlation function in imaginary time C T ͑r,s͒. In the classical case, when the static structure factor is approximated by
͑5.1͒
where DH ͑r͒ϭexp͑Ϫ DH r͒/r and DH is the Debye-Hückel screening length, the corresponding approximated induced charge density given by the classical linear response ͑4.36͒ is the same as in the linearized mean-field Debye-Hückel model. From the diagrammatic point of view, this means that the Debye-Hückel theory can be retrieved by approximating the Ursell function by one graph, namely, the graph that contains only one resummed bond obtained by chain summation ͑without any exponentiation͒. More generally, after a systematic resummation of the Coulomb divergencies has been performed and has introduced a chain potential ͑as explained in Sec. VI of paper I͒, we call a ''chain approximation'' an approximation in which the basic object of the diagrammatics ͑Ursell function or effective potential associated with the proper polarization͒ is calculated by retaining only the diagram with one ''linearized'' bond equal to the chain potential.
In the loop formalism, if we do not make any hypothesis about ␣,p ͑X͒ ͑which contributes to the part of the correlation function due to the exchange͒, a chain approximation for the loop Ursell function ͓see ͑3.1͔͒ is to retain only the sum of the four properly dressed diagrams that are built from the four linearized bonds F cc , F mc , F cm , or F mm ͓see the comment before ͑6.16͒ in paper I͔. According to Sec. IV F, the dressed diagrams are, respectively,
The corresponding chain structure factor S linearized chain ͑L,LЈ͒ is given by ͑6.10͒ of paper I, where, according to ͑5.28͒ and ͑6.16͒ of paper I, ͑L͒͑LЈ͒h linearized chain ͑L,LЈ͒ may be written as fastdecaying terms plus the convolution
͑5.2͒
with the linearized chain potential
In the RPA, the proper polarization L* of the standard perturbation formalism is approximated by its simplest value, namely, its value for an ideal gas L 0 . The effective potential U RPA,␣␣ Ј eff (r,n) proves to be equal to ␤e ␣ e ␣Ј RPA ͑r,n͒ ͓see ͑6.3͒ and ͑6.12͒ of paper I͔ and the correlation function is derived from the latter objects through the relation ͑6.9͒ of paper I,
Though algebraic tails appear in the chain potentials, these tails give a short-ranged contribution to the induced charge density in the chain approximation. In the loop formalism, the fast decay of the induced charge density corresponding to h linearized chain ͑L,LЈ͒ ͑5.2͒ through the linear response ͑4.27͒ of paper I is enforced by the same mechanism as that shown in ͑2.2͒. In the RPA, the induced charge density ͓see ͑6.6͒ of paper I͒ is
and the corresponding total potential created by a point charge ␦q, V RPA tot ͑r͒ϭ(␦q/␤e ␣ e ␣Ј )U RPA eff ͑r,nϭ0͒, is equal to the RPA chain potential
At zero temperature the first derivative of L 0 ͑k,nϭ0͒ is infinite at ͉k͉ϭ2k F , because of the sharpness of the Fermi surface for noninteracting particles, and the so-called Friedel algebraic oscillations appear: at large distances the induced charge density is proportional to cos(2k F )/r 3 . At finite temperature, L 0 ͑k,n͒ is an analytic function of k, L 0 ͑kϭ0, nϭ0͒ 0, and these algebraic oscillations are exponentially damped. Thus, according to Eqs. ͑6.6͒ and ͑6.8͒ of paper I, e RPA ind ͑r͒ and V RPA tot ͑r͒ decrease faster than any inverse power of the distance. The leading term in the asymptotic behavior of the RPA induced charge density is and that of V RPA tot ͑r͒ ͑5.5͒, which is given by ͑6.13͒ in paper I, is a Yukawa potential with a screening length equal to ͓Z RPA RPA ͔
Ϫ1
. The structure factors in the chain approximations are also short ranged. In the loop formalism, the mechanism for ͐D͑X͒͐D͑XЈ͒ ␣,p ͑X͒ ␣Ј,pЈ ͑XЈ͒h linearized chain ͑L,LЈ͒ has been displayed in ͑2.2͒. A similar phenomenon takes place in the RPA theory, where, according to ͑6.2͒ and ͑6.5͒ of paper I, S RPA ͑r͒ decays faster than any inverse power law, though the nonzero frequency components of the effective potential U RPA eff are purely Coulombic. The mechanism can be viewed as follows. L ␣ 0 ͑k,s͒ is an analytic function of k and the small-͉k͉ behavior of L ␣ 0 ͑k,n 0͒ starts as k 2 . Subsequently, the 1/k 2 singularity of the nonzero-frequency components of RPA ͑k,s͒ is canceled in ͑5.3͒ by the same mechanism as in ͑2.2͒. In position space, the argument is the following. L ␣ 0 ͑r,s͒ decays faster than any inverse power law, so that all the moments of L ␣ 0 ͑r,s͒ in the components of r are well defined. Moreover, ͐dr L ␣ 0 ͑r,s͒ is independent from s and L ␣ 0 ͑r,s͒ is invariant under rotations of r for every time s. Subsequently, the possibly long-ranged contributions from h(s 1 Ϫs 2 )/r to S RPA,␣␣Ј ͑r͒ ͓see ͑6.9͒ and ͑6.15͒ of paper I͔ are terms proportional to
͑5.7͒
with m 1 у1 and m 2 у1. Only powers of the Laplacian of 1/r appear and the corresponding approximated correlations prove to be short ranged.
B. Macroscopic screening in the chain approximation
The RPA theory is not so bad for the description of macroscopic screening in one-component and multicomponent plasmas, as is the case for the mean-field theories, because, in all those theories, the small-k expansion of the induced charge density has the same structure as the exact behavior. Indeed, since the mean-field theories can be valid only on large-distance scales, they can only mimic the first terms in the small-k expansion of the exact induced charge density around an external point charge ␦q: only the small-k expansion of the mean-field value derived from ͑1.1͒ and ͑1.2͒,
is to be considered. In the same way, in the RPA theory, since ⌸ RPA * (kϭ0,nϭ0) 0, Eq. ͑5.4͒ implies that
The first term Ϫ1 ensures that the total charge of the polarization cloud exactly compensates the external charge ␦q. In the classical case, this property is equivalent to the fact that the exact charge-charge correlation, as well as its Debye-Hückel approximation, obeys the classical Stillinger sum rule ͓see ͑4.42͒ of paper I͔, as recalled in Sec. IV A. In the quantum OCP, there exists the second-moment sum rule ͑4.43͒ of paper I, which is not equivalent to the above screening property, but comes from the fact that there is only one species of moving charges in a uniform background. It happens that, in the RPA theory, the second moment of the charge-charge correlation ͑which is proportional to the particle-particle correlation͒ satisfies the above quantum sum rule, but only with the ideal-gas density 0 ͑␤,͒ in place of the plasma density B determined by the density of the background.
The second terms on the right-hand side of ͑5.8͒ and ͑5.9͒ are not exact because depends on the model, but the structure is correct in a one-component as well as in a multicomponent plasma. Indeed, in multicomponent plasmas, ͚ ␣ e ␣ ␣ ind ͑r͒ decays only as 1/r 8 , as shown in Sec. IV E, and the first singular term in the small-k expansion of the induced charge density is of order ͉k͉ 5 . ͑A mere dimensional analysis would have implied the existence of a term proportional to ͉k͉, but the latter in fact vanishes, as explained in Sec. IV E.͒ On the other hand, in the very special case of the OCP, where the density of charge is proportional to the density of particles, the structure of the first two terms in the exact small-k expansion of ͚ ␣ e ␣ ␣ ind ͑k͒ originates from the exact ''compressibility'' sum rule ͑6.19͒ of paper I and allows one to define an inverse screening length as the square root of the coefficient of k 2 . The various screening lengths that are derived from the approximated small-k expansions ͑5.8͒ and ͑5.9͒ are comparable to the exact inverse screening length OCP given by ͑6.19͒
where * is defined in ͑2.11͒ of paper I. The RPA inverse length RPA has a similar expression given in ͑6.13͒ of paper I,
͑5.11͒
In the case of the OCP,
͑5.12͒
The similarity between ͑5.10͒ and ͑5.12͒ might be linked to the fact that the density fluctuations of the OCP in the thermodynamic limit obey the same rule ͐dr (2)T ͑r͒ϭϪ ͑see Sec. II of paper I͒ as those of an ideal gas with a finite number of particles in the canonical ensemble, before the thermodynamic limit is taken.
Moreover, in the weak coupling limit ͑high-density regime in the semiclassical fermionic case and low-density or high-temperature regimes in the classical case͒, the RPA value of the screening length tends to the corresponding mean-field values ͑Thomas-Fermi and Debye-Hückel, respectively͒. Indeed, according to Eq. ͑1.1͒ and the assumption that the quasiparticles do not interact together, the Thomas-Fermi inverse length TF is given by
at zero as well as at finite temperature, with 
͑5.14͒
In the loop formalism, the screening length associated with the induced charge density ͑by means of the small-k expansion of ͚ ␣ e ␣ ␣ ind in the chain approximation͒ does not coincide with the screening length of the charge-charge interaction because the structure of the linear response ͑4.27͒ of paper I is not similar to ͑6.6͒. The total induced charge is equal to Ϫ␦q in the chain approximation, but the mean-field equation ͑5.8͒ is not valid: the small-k expansion of the corresponding induced charge starts as . However, we recall that, for fermions in a regime of high density ͑in which the interactions become negligible with respect to the quantum kinetic energy͒, the value given by ͑5.14͒ and ͑4.9͒ of paper I tends to RPA ,
C. Beyond the chain approximations
In the quantum case, the algebraic tails of the chain potential induce algebraic tails in the particle-particle correlation, as soon as the next corrections to the chain approximation are considered. For instance, in the linearized loop formalism, the next correction to the chain approximation ͑5.2͒ of ͑L͒͑LЈ͒h͑L,LЈ͒ is to consider the diagrams where the two root points are linked by two linearized bonds. According to the dressing rules displayed at the end of Sec. IV F, this correction involves a term
When there is no summation over ͑␣,p͒ and ͑␣Ј,pЈ͒, the leading asymptotic behavior of this correction is given by 1 2 ͓W 3 ͑L,LЈ͔͒ 2 and its contribution to the particle-particle correlation decays as the 1/r 6 tail of the diagram
with one nonlinearized F R bond ͓which is similar to ͑2.3͔͒. This particular correction is an example of the more general structure of the diagrams that are responsible for the 1/r 6 tail of the correlation, as shown in Sec. III D.
In the standard perturbation many-body theory, the next natural correction to the RPA for the proper polarization is to include the graph L 1 * made with two free-propagator loops linked by two interaction lines Ϫ␤e ␣ e ␣Ј RPA . In the case of the OCP, all the frequency components of L 1 * have an algebraic falloff ͓5͔: L 1 *(r,nϭ0) decays as 1/r 6 and L 1 *(r,n 0) as 1/r 10 . Moreover, the exact sum rules ͑4.43͒ and ͑6.19͒ of paper I, which are specific to the OCP, allow one to derive two sum rules about the small-k behavior of ⌸͑k,n͒. 6 . ͑We notice that the so-called ladder diagrams with more than two RPA interaction lines do not contribute to the leading asymptotic behavior, as is the case for the tails T with Lу2 in the loop formalism.͒ The mechanism can be exemplified in the MaxwellBoltzmann approximation of the RPA theory that is given in Ref. ͓5͔ . As recalled in Sec. VI of paper I, the effective potential ͑6.17͒ between two filaments is a dipole-dipole-like interaction ͑plus a Debye-Hückel term͒ before the shapes of the filaments are averaged over. After integration over those internal degrees of freedom, the potential decays faster than any inverse power law. However, the graph where two filaments interact through two effective potential lines decays as 1/r 6 . The mechanism is the same as in the more general loop formalism. In the case of the OCP, it can be shown exactly that, at the order ប 4 , the correlation function decays in fact not as 1/r 6 but as 1/r 10 , because of the classical StillingerLovett sum rule ͓4,5,35͔. According to Ref. ͓5͔, the quantum second-moment sum rule ͑4.43͒ implies that this result is expected to be true at any order in ប. The underlying reason is that the particle-particle correlation coincides with the charge-charge correlation in the one-component plasma.
As a conclusion, we mention a very simple model ͓4͔ that exhibits the basic mechanisms involved in the present series of papers and are responsible for the 1/r 6 decay of the particle-particle correlation. First, we stress that the absence of exponential screening for the 1/r 3 dipole-dipole-like interaction between the charges surrounded by their polarization cloud, before the average is taken over the quantum fluctuations, is due to the fact that the corresponding classical loops do not interact via the electrostatic potential: only curve elements with the same parameter ϪP͑͒ interact together and the resummed bonds involve an algebraic part WϭϪ␤e ␣ e ␣Ј ͓v͑L,LЈ͒Ϫv elect ͑L,LЈ͔͒. In a regime of Maxwell-Boltzmann statistics with quantum dynamics, only loops with size pϭ1, i.e., closed filaments L ␣,1 with shapes , contribute to the grand partition function and W ͓see ͑5.25͒ of paper I͔ becomes
This potential already appeared in the model of two quantum charges embedded in a classical plasma, which is solved in Ref.
͓4͔. In this case the energy of the two corresponding filaments interacting with a given configuration of particles of a classical bath can be split into the pure electrostatic energy plus a quantum ''correction'' W͑L ␣1 ,L ␣Ј1 ), which does not involve the bath. Second, the correlation between the two quantum charges of the previous model decays algebraically and its inverse-power asymptotic expansion exactly starts with a term B/r 6 ͑BϾ0͒. This term involves W 2 because of the rotational invariance of the quantum fluctuations and the short-range of the Laplacian of the Coulomb potential. In the present paper, the mechanism is generalized to the exchange loops: there is no exponential screening at nonequal ͑imaginary͒ times for an interaction between open filaments that takes place at equal times and the leading largedistance behavior of the quantum correlation comes from the product of two convolutions, each of which involves at least one W bond.
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APPENDIX A
In this appendix we sketch the direct study of the largedistance behavior of the convolutions ͑2.6͒ in position space in the two simplest cases, in order to exhibit the mechanisms in position space. The roles played, on one hand, by the rotational invariance of the quantum fluctuations and the interactions and, on the other hand, by the harmonicity of the Coulomb potential are clearly disentangled ͑though this makes the discussion a little longer͒.
The chain made with Iϩ1 graphs K linked by I bonds W in ͑2.6͒ can be decomposed as a series of chains involving purely algebraic terms W ␥ ͓defined in ͑5.33͒ of paper I͔ instead of W. Such a chain reads
where the convolution operates on the loop-position variable r. After integration over the shapes of the loops, ͑A1͒ becomes a sum of terms, each of which is a convolution of derivatives
(1/r) of the Coulomb potential and functions 
These moments depend only on r, (␣ i Ј ,p i Ј , i Ј), and (␣ iϩ1 ,p iϩ1 , iϩ1 ); they are well defined because the weight ͑X͒ is expected to decay faster than any inverse power law, according to paper I. Because of the invariance of both the measure D͑X͒ and the bonds F under global rotations of their arguments, the
(r) are tensors of rank n i ϩm iϩ1 . For instance, the chain with ␥ 1 ϭ•••ϭ␥ I ϭ3 is proportional to
The summation over the space indices is implicit in ͑A2͒. In the same way, the chain with ␥ 1 ϭ4 and ␥ 2 ϭ•••ϭ␥ I ϭ3 is proportional to the sum of two terms
plus the term
where the definition of K 1,1 1,2 2
͓2,1͔
is similar to ͑A4͒. In Fourier space, the convolutions such as ͑A2͒, ͑A5͒, and ͑A7͒ are products of singular terms
At this point, we put the results of Sec. III A in terms of the decomposition of W into pure algebraic terms W ␥ , each of which behaves as 1/r ␥ . The W ␥ , defined in ͑5.33͒ of paper I, are related to the w [m,n] defined in ͑3.5͒ by
, W 4 to w [1, 2] ϩw [2, 1] , and w
͓1,1͔
, w
͓1,2͔
, and w ͓2,1͔ appear only in W 3 and W 4 . The discussion of Sec. III B in Fourier space shows that rotational invariance together with dimensional analysis ensure that any con- The general discussion in position space is more cumbersome than in Fourier space, but it can be summed up as follows in the special case of the convolutions with the slowest possible decay. The derivatives and the convolutions commute according to the property ‫ץ‬ f * ‫ץ‬ gϭϪ‫ץ‬ ( f * g) and, after integration over the shapes of the loops, the convolution chain ͑A2͒ with all the ␥ i 's equal to 3 appears as the convolution
where G mid is a scalar function that depends only on ͉r͉,
The convolution ͑A.5͒ reads
A mere dimensional analysis implies that each term . Moreover, because of rotational invariance, only the odd-order moments of K 1 ͓1͔ (r) and K I ͓1͔ (r) at the ends of the chain do not vanish. Consequently, according to the general analysis recalled in Sec. II C, the slowest nonzero algebraic tail of the convolution ͑A9͒ reads
with ϭ 1 and Јϭ I . Because of rotational invariance, the even-order moments of K 1,1 1,2
͓2͔
(x) do not vanish and the slowest possible tail of ͑A11͒ is 
Hence G mid ͉͑r͉͒ ͑A10͒ decays in fact at least as 1/r 5 and the leading terms in the asymptotic behavior of
). An algebraic tail of the convolution ͑A9͒ that would be slower than 1/r 7 , according to dimensional analysis, can only arise from the asymptotic behavior
͑A15͒
An analogous mechanism arises for ͑A11͒. As a conclusion, in the diagrammatic decomposition ͑2.6͒, all the convolutions decay faster than 1/r 6 and only K falls off as 1/r 6 .
APPENDIX B
In this appendix, we study the structure of the ''elementary'' algebraic tails defined at the beginning of Sec. III D, before integration over the shapes of their end points.
It is readily shown that the structure ͑3.26͒ holds for the elementary algebraic tails that come from a single algebraic bond ͑W or F R6 ͒. Indeed, a bond W͑r,,Ј͒ is a series of terms w [m,n] ͓r,Z͑͒,ZЈ͑Ј͔͒ ͓given by ͑3.28͔͒, which have the structure ͑3.26͒ with qϭm, qЈϭn, and Pϭ1. According to the expression of F R given in ͑5.30͒ of paper I, a bond F R6 , defined in ͑2.4͒, is a sum of two terms: ͓exp͑Ϫ␤e ␣ e ␣Ј elect ͒Ϫ1͔exp(W)ϪF cc ϪF cm ϪF mc , which decays faster than any inverse power law, and exp(W)Ϫ1 ϪW, which is a series of algebraic terms, each of which is proportional to the product of at least two w [m,n] Now we turn to the structure of the algebraic tails of the convolutions of algebraic bonds ͑W or F R6 ͒ with subdiagrams of a given ⌸ diagram and that have algebraic bonds at both ends. The structure is given before integration over the root points. The discussion is decomposed into two steps.
In the first step, every purely algebraic tail S (1)I (␥) ͑r,,Ј͒ is the inverse Fourier transform of one nonanalytic term arising from one algebraic bond ͑W or F R6 ͒ times a product of I analytic terms originating from the small-k expansions of the other terms in the Fourier transform of the convolution. We proceed by recurrence. If Iϭ1, the analytic term is of the form ͐dx͑ik•x͒ n G 1 ͑x, 1 ,Ј͒ and, according to the structure ͑3.26͒ of the nonanalytic term S (␥ 1 Ϫ3)͓q 1 ,q 1 Ј͔ (k,, 1 ) arising from an algebraic bond, with ␥ 1 ϭ P 1 ϩq 1 ϩq 1 Ј , P 1 рq 1 , and
where k ͑x ͒ is the component with index of the vector k ͑x͒ and S ͕ ͖͕ ͖ (␥ 1 Ϫ3)͓q 1 ,q 1 Ј͔ (k) is a short notation for
Because of the rotational invariance of both the bonds F͑P ,P Ј͒ and the weights ͑P ͒, G 1 ͑x, 1 ,Ј͒is a function invariant by global rotation of its arguments. As a consequence, after integration over x and X 1 , we get a tensor
where f ͉͑ZЈ͉͒ is a function of ͉ZЈ͉. with qϭq 1 у P 1 and qЈϭq 1 ЈϩnуP 1 . When the number I of analytic terms increases, a discussion by recurrence shows that this structure is still preserved after integration over the shapes of the I internal points of the convolution. For instance, if Iϭ2, there appear terms such as
͑B4͒
By using ͑B2͒ twice, we get
S (1)2 (␥ 1 ϩn 1 ϩn 2 ) (r,,Ј) still has the structure ͑3.26͒, with ␥ϭ␥ 1 ϩn 1 ϩn 2 ϭ P 1 ϩqϩqЈ with qϭq 1 у P 1 and qЈϭq 1 Ј ϩn 1 ϩn 2 у P 1 . In the second step, the algebraic tail S (J)I (␥) ͑r,,Ј͒ is the inverse Fourier transform of a product of J ͑Jу2͒ nonanalytic terms S (␥ j )͓q j ,q j Ј͔ (k, jϪ1 , j ), which arise from J bonds W or F R6 , times I analytic terms. According to the previous discussion, the product by analytic terms does not change the structure ͑3.26͒. Thus, after integration over the intermediate points of every product made of a S ͑␥͒ ͑coming from an algebraic bond͒ with a product of analytic terms, S (J)I (␥) ͑r,,Ј͒ comes from a product of
where q j у P j and q j ЈуP j . ͑We have used the notation
Јϩq jϩ1 is even. Since q j ЈуP j and q jϩ1 у P jϩ1 , the even values that q j Јϩq jϩ1 can take are
, where N is a positive integer, and (n)ϭ0 if n is even, while (n)ϭ1 if n is odd. As a consequence, when the values of the q j 's ͑with jϭ2,...,J͒ and those of the q j Ј's ͑with jϭ1,...,JϪ1͒ vary, the power ␥ given by ͑B7͒ may take the values ␥͕͑P j ͖,q,qЈ͒ϭP͕͑P j ͖,q,qЈ͒ϩqϩqЈ,
͑B8͒
where P(͕P j ͖,q,qЈ)ϭP(͕P j ͖,q,qЈ)ϩ2N, with N any positive integer, and
with qу P 1 and qЈу P J . Since the allowed values for P 1 and P J depend on q and qЈ, so do the allowed values for P. The minimal value P min for P(͕P j ͖,q,qЈ) corresponds to P j ϭ1 for all jϭ1,...,J ͑namely, all the nonanalytic terms come from W 3 's͒. In this case P j ϩ P jϩ1 ϩ( P j ϩ P jϩ1 )ϭ2 and P min ͑q,qЈ͒ϭ1 for any values of q and qЈ. If qϭqЈϭ1, then P 1 ϭ1 and P J ϭ1, so that the next value for P(͕P j ͖,qϭ1,qЈϭ1) is given by P j ϭ1 for all j except one j 0 , which is different from both 1 and J, and for which P j 0 ϭ2. When P j 0 is increased from 1 to 2, then both P j 0 Ϫ1 ϩ P j 0 ϩ( P j 0 Ϫ1 ϩ P j 0 ) and P j 0 ϩ P j 0 ϩ1 ϩ( P j 0 ϩ P j 0 Ϫ1 ) jump from 2 to 4 and P(͕P j ͖,1,1) jumps from P min (q,qЈ)ϭ1 to the value 6. Subsequently, according to ͑B8͒, when the P j 's vary, P͑1,1͒ϭ1,3,5,6,... . On the contrary, if qЈу2, while q takes any value ͑1 included͒, then 1рP j р2 and the smallest allowed value for P(͕P j ͖,q,qЈ)
that is greater than P min (q,qЈ) is given by P J ϭ2 and P j ϭ1 for j J because only P JϪ1 ϩ P J ϩ( P JϪ1 ϩ P J ) jumps from 2 to 4 and P(͕P j ͖,q,qЈ) jumps from 1 to 4. Subsequently, 
APPENDIX C
In this appendix we determine the exponents of the algebraic tails of various functions involving the algebraic tails T of a ⌸ Wc diagrams, before and after integration over the shapes of both their root points and their internal points. An algebraic tail T has the structure ͑3.29͒ before integration over the shapes of its end points. We call ␥ T * the values of ␥ T that survive after integration over X a and X b for a given (L,Q a ,Q b ) and ␥* denotes the values that ␥ T * takes when L, Q a , and Q b vary, namely, the ␥*'s are the allowed values for any ⌸ Wc diagram. In case ͑III͒, the discussion is the same as for ͐D͑X a ͒͐D͑X b ͒T͑r,X a ,X b ͒, with n a ϩQ a in place of n a . According to ͑C15͒, the allowed values for [n a ϩ␥ T ]* are 8ϩn a ϩQ a ϩ(n a ϩQ a ϩ1)ϩQ b ϩ(Q b ϩ1)ϩN.
Since n a ϩQ a ϩ(n a ϩQ a ϩ1)уn a ϩ(n a ϩ1) and Q b ϩ(Q b ϩ1͒у1, ͓n a ϩ␥͔ ͑ III͒ * ϭ9ϩn a ϩ͑n a ϩ1 ͒ϩNу10.
͑C27͒
In case ͑IV͒, [n a ϩ␥ T ]* takes the values given by ͑C17͒ with n a ϩQ a in place of Q a and, since Q a у0 and Q b у0, ͓n a ϩ␥͔ ͑ IV͒ * ϭ6ϩn a ϩ͑n a ͒, 8ϩn a ϩ͑n a ͒, 9ϩn a ϩ͑n a ͒,... . ͑C28͒ As a conclusion, by inspection of ͑C22͒ and ͑C26͒ -͑C28͒ in the cases where n a is either even or odd, we find that the inverse Fourier transform of ͐D(X a )͐D(X b )(k•X a ) n a ⌸ Wc (r,X a ,X b ) may decay as 1/r ͓n a ϩ␥͔* with ͓n a ϩ␥͔*ϭ6ϩn a ϩ͑n a ͒, 8ϩn a ϩ͑n a ͒, 9ϩn a ϩ͑n a ͒,... . ͑C29͒
Since n a ϩ(n a )у2, this falloff behaves at least as 1/r In case ͑III͒, the 1/r 10 tail may appear only if n a ϭm b ϭ1. In case ͑IV͒ of convolutions with no W bond, the even values taken by n a ϩQ a ϩq, with Q a ϩqу2, are n a ϩ2ϩ(n a 
